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Abstract. Let A and B be unital separable simple amenable C*-algebras which satisfy the 
Universal Coefficient Theorem. Suppose that A and B are Z-stable and are of rationally tra- 
cial rank no more than one. We prove the following: Suppose that </>, ip : A — > B are unital 
monomorphisms. There exists a sequence of unitaries {u„} C B such that 

lim u^4>(a)u n = ip(a) for all a £ A, 

n— >oc 

if and only if 

[0] = h/>] in KL(A,B),<j)$ = ^ and 0* = 
where : Aff(T(A)) -> Aff(T(B)) and : J7(A)/CJ7(A) -> U{B)/CU{B) are the 

induced maps and where T(A) and T(i?) are tracial state spaces of A and B, and CZ7(A) 
and CU(B) are the closures of the commutator subgroups of the unitary groups of A and B, 
respectively. We also show that this holds for some AH-algebra A which is not necessarily simple. 
Moreover, for any n G KL(A,B) preserving the order and the identity, any A : Aff(T(A)) — > 
Aff(T(B)) a continuous afhne map and any 7 : U(A)/CU(A) — > U(B)/CU(B) a homomorphism 
which are compatible, we also show that there is a unital homomorphism <f> : A — > B so that 
( [(f)] , <f>» , (jfi ) = (k, A, 7), at least in the case that K^A) is a free group. 



1. Introduction 

For topological spaces, it is important to understand continuous maps from one topological 
space to another. Let X and Y be two compact Hausdorff spaces, and denote by C(X) (or 
C(Y)) the C*-algebra of complex valued continuous functions on X (or Y). Any continuous 
map A : Y — > X induces a homomorphism from the commutative C*-algebra C(X) into the 
commutative C*-algebra C(Y) by (f)(f) = fo A, and any C*-homomorphism from C(X) to C(Y) 
arises this way. It should be noted, by the Gelfand theorem, every unital commutative C*-algebra 
has the form C(X) as above. 

For non- commutative C*-algebras, one also studies homomorphisms. Let A and B be two 
unital C*-algebras and let <j), ip : A — > B be two homomorphisms. An important problem in 
the study of C*-algebras is to determine when <p and ijj are (approximately) unitarily equivalent. 
One of the important aspects of C*-algebra theory is the program of classification of amenable 
C*-algebras by the Elliott invariant, or, otherwise known as the Elliott program. What are 
called the uniqueness theorems in the Elliott program is, in fact, a sufficient condition for two 
homomorphisms <fi and ip being approximately unitarily equivalent, which plays an extremely 
important role in the study of Elliott program. 

The last two decades saw the rapid development in the Elliott program. For instance, C*- 
algebras that can be classified by the Elliott invariant include all unital simple inductive limits 
of homogeneous C*-algebras (AH- algebras for short) with no dimension growth ([2])- In fact, 
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classifiable simple C*-algebras includes all unital separable amenable simple C*-algebras with 
the tracial rank at most one which satisfy the Universal Coefficient Theorem (the UCT)(see [8]). 

Recently, W. Winter's method ( [25] ) greatly advances the Elliott classification program. The 
class of amenable separable simple C*-algebras that can be classified by the Elliott invariant has 
been enlarged so that it contains simple C*-algebras which no longer have finite tracial rank. In 
fact, with [25], [12], [18] and [15], the classifiable C*-algebras now include any unital separable 
simple instable C*-algebra A satisfying the UCT such that A ® U has the tracial rank no more 
than one for some UHF-algebra U. This class of C*-algebras is strictly larger than the class of 
AH-algebras without dimension growth. For example, it contains the Jiang-Su algebra Z which 
is projectionless (with the same i^-theory as that of C) and all simple unital inductive limits of 
so-called generalized dimension drop algebras (see [T7]). 

Recall that the Elliott invariant for a stably finite unital simple separable C*-algebra A is 

Ell(A) := ((iTo^^o^+.N,^)),^^)), 

where (K (A), K (A) + , [1a], T(A)) is the quadruple consisting of the K -group, its positive cone, 
an order unit and tracial simplex together with their pairing, and Ki(A) is the i^i-group. 

Denote by C the class of all unital simple C*-algebras A for which A®U has tracial rank no 
more than one for some UHF-algebra U of infinite type. Suppose that A and B are two unital 
separable amenable C*-algebras in C which satisfy the UCT. The classification theorem in [15] 
states that if the Elliott invariants of A and B are isomorphic, i.e., 

Ell(A) = Ell(B), 

then, there is an isomorphism <f> : A — > B which carries the isomorphism above. 

However, if one has two isomorphisms <f>,if) : A — >■ B, when are they approximately unitarily 
equivalent? A more general question is: for any two such C*-algebras A and B, and, for any two 
homomorphisms <f>,if> : A — >■ B, when are they approximately unitarily equivalent? 

If and if) are approximately unitarily equivalent, then one must have, as the classification 
theorem suggests, 

[cf>] = ty) in KL(A, B) and ^ = if> h 

where <j>$,ij)% '■ Aff(T(A)) —> Aff(T(5)) are the affine maps induced by <f> and if), respectively. 
Moreover, as shown in [13], one also has 

0* = ifj\ 

where <f>^,if)^ : U(A)/CU(A) — > U(B)/CU(B) are homomorphisms induced by <fr, i/j, and CU(A) 
and CU(B) are the closures of the commutator subgroups of the unitary groups of A and B, 
respectively. 

In this paper, we will show that the above conditions are also sufficient, that is, <fi and ip are 
approximately unitarily equivalent if and only if [(f)] = [if)] in KL(A, B), <f>$ = if>$ and (ffi = if>*. 
This type of results are often called the uniqueness theorem. 

Not surprisingly, the proof of this uniqueness theorem is based on the methods developed in 
the proof of the classification result mentioned above, which can be found in [15], [2], p3], [18] 
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and [TT] . Most technical tools are stated in those papers, either directly or implicitly. In the 
present paper, we will collect them and then assemble them into production. 

It should be noted that the above-mentioned uniqueness theorem also works in a more general 
setting where the source algebra A is not necessary in the class C. For example, the uniqueness 
theorem is also valid for certain AH-algebras A which are not necessarily simple (which are 
called AH-algebras with Property (J) in this paper), Moreover, in the case that B®U has tracial 
rank zero for some UHF-algebra U of infinite type, the uniqueness theorem holds for general 
AH-algebra A. In particular, A could be just C(X) for some compact metric space X. In that 
situation, the first version of this kind of uniqueness theorem was stated in [3], where A = C(X) 
and B is a unital simple C*-algebra with the unique tracial state and with real rank zero, stable 
rank one and weakly unperforated Kq(B). In [7], it was shown that, if A = C(X) for some 
compact metric space X and B is a unital simple C*-algebra with tracial rank zero, then any 
unital monomorphisms <fi and ifj from A to B are approximately unitarily equivalent if and only 
if [(f)] = [ip] in KL(A, B) and <f)$ = ip$. This result was then generalized to the case that B has 
tracial rank no more than one, with the additional assumption <ft — if)$. From this point of view, 
the main result in this paper may also be regarded as a further generalization of these so-called 
uniqueness theorems. One should also realize that these uniqueness theorems have a common 
root: The Brown-Douglass-Fillmore theorem for essentially normal operators. One version of it 
can be stated as follows: Two monomorphisms <f),tp : C(X) — > B(H)/JC — the Calkin algebra, 
which is a unital simple C*-algebra with real rank zero — are unitarily equivalent if and only if 
[0] = M in KK{C(X),B(H)/JC). 

As this research was under way, we learned that H. Matui was conducting his own investigation 
on the same problems. In fact, he proved the same uniqueness theorems mentioned under the 
assumption that B®U has tracial rank zero. Moreover, he actually showed the same result holds 
if the assumption that B ®U has tracial rank zero is weaken to the assumption that B ®U has 
real rank zero, stable rank one and weakly unperforated K (B ®U), at least for the case that 
quasi-traces are traces and there are only finitely many of extremal tracial states. 

In [19], it is shown that, for any partially ordered simple weakly unperforated rationally Riesz 
group G with order unit u, any countable abelian group Gi, any metrizable Choquet simple S, 
and any surjective afline continuous map r : S — > S U (G ) (the state space of G ) which preserves 
extremal points, there exists one (and only one up to isomorphism) unital separable simple 
amenable C*-algebra A EC which satisfies the UCT so that Ell(A) = (G ? (Go)+, u, G\, S, r). 

A natural question is: Given two unital separable simple amenable C*-algebras A, B £ C 
which satisfy the UCT, and a homomorphism T from Ell(A) to Ell(S), does there exist a unital 
homomorphism : A — > Bl We will give an answer to this question. Related to the unique- 
ness theorem discussed earlier and also related to the above question, one may also ask the 
following: Given an element k £ KL(A, B) which preserves the unit and order, an affine map 
A : Aff(T(A)) ->■ Aff(T(S)) and a homomorphism 7 : U(A)/CU(A) ->■ U(B)/CU(B) which are 
compatible, does there exist a unital homomorphism <fi : A — > B so that [(f)] = k, 0(j = A and 
0+ = We will, at least, partially answer this question. 
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2. Preliminaries 



2.1. Let A be a unital stably finite C*-algebra. Denote by T(A) the simplex of tracial states of A 
and denote by AS(T(A)) the space of all real affine continuous functions on T(A). Suppose that 
t G T(A) is a tracial state. We will also use r for the trace r £g> Tr on Mfc(v4) = A <g> M^(C) (for 
every integer fc > 1), where Tr is the standard trace on ]VL-(C). A trace r is faithful if r(a) > 
for any a G A + \ {0}. Denote by T±(A) the convex subset of T(A) consisting of all faithful tracial 
states. 



Denote by M^A) the set M M k (A), where M k (A) is regarded as a C*-subalgebra of M k +i(A) 



Define the positive homomorphism pa '■ K (A) — > A&(T(A)) by Pa([v])( t ) = T (p) for any 
projection p in M k (A). Denote by S(A) = Co((0, 1)) Cg> A the suspension of A, by \J(A) the 
unitary group of A, and by U(A)o the connected component of U(A) containing the identity. 

Suppose that C is another unital C*-algebra and : C — > A is a unital *-homomorphism. 
Denote by 0t : T(A) — >■ T(C) the continuous affine map induced by 0, i.e., 0t(t)(c) = r o 0(c) 
for all c G C and r G T(A). Also denote by fl : Aff(T(C)) ->■ Aff(T(A)) by tt (/)(r) = /(0 T (r)), 
for all tET(A). 

Definition 2.2. Let A be a unital C*-algebra. Denote by CU(A) the closure of the subgroup 
generated by commutators. If u G U(A), the image of u in U(A)/CU(A) will be denoted by u. 

Let -B be another unital C*-algebra and let : A — > i? be a unital homomorphism. Then 
maps CC/(A) into CU{B). The induced homomorphism from U{A)/CU{A) into U{B)/CU(B) 
is denoted by 0*. 

Let n > 1 be an integer and denote by U n (A) the unitary group of M n (A). Denote by CU(A) n 
the closure of commutator subgroup of U n (A). One views U n (A) as a subgroup of U n+ i(A) via the 
embedding in 12. II Denote by U 00(A) the union of U n (A). Denote by U(A) 00 /CU 00 (A) the induc- 
tive limits of U n (A)/CU n (A). We will also use 0* for the homomorphism from U^A) /CU 00(A) 
into U 00(B) /CU 00(B) induced by 0. 

Definition 2.3. Let A be a unital C*-algebra and let T(A) be the tracial state space. Suppose 
that u G U(A) . Suppose that u(t) G C([0, 1],A) is a piecewise smooth path of unitaries such 
that u(0) = u and u(l) = 1. The de la Harpe and Skandalis determinant is defined by 



This gives a homomorphism Det : U(A)q — > AS (T(A)) / pa(Kq(A) . We also extend this map on 
£^oo(^4)o i^o Aff (T(A))/ pa(K (A)). The homomorphism Det vanishes on the commutator sub- 
group of Uoo( A). In fact, this induces an isomorphism Det : U 00 (A)o/CUo (A) — > A&(T (A)) / pa(K (A)) 
Moreover, by a result of K. Thomsen ([21]), one has the following short exact sequence 



oc 



fc=l 



by the embedding 





(2.1) 



AS(T(A))/p A (K (A))^Uoo(A)/CUoo(A)^K 1 (A) -+ 
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which splits. We will fix a splitting map sx : Ki{A) — > U 00 (A)/CU 00 (A). The notation 77 and S\ 
will be used late without further warning. In the case that U(A)/U (A) = Ki(A), one has the 
following splitting short exact sequence: 

(2.2) -> Aff(T(A))/p A (tf (A)) i7(A)/Ctf(A) K^A) ~* 0. 

Definition 2.4. Let A be a unital C*-algebra and let C be a separable C*-algebra which satisfies 
the Universal Coefficient Theorem. By [1] of Dadarlat and Loring, 

(2.3) KL{C,A) = Rom A (K(C),K(A)), 
where, for any C*-algebra B, 

oo 

K(B) = (K (B) © Ki{B)) © (0(/i o (5, Z/nZ) © A^(5, Z/nZ))). 

n=2 

We will identify the two objects in (I2.3p . Note that one may view KL(C, A) as a quotient of 
KK{C,A). 

Denote by KL(C, A) ++ the set of those k G Rom A (K_(C), K(A)) such that 

k{K o (C) + \{0})CK+{A)\{0}. 

Denote by Ki : Ki(C) — > the homomorphism given by ac, i = 0, 1. Denote by KL e (C, A) ++ 

the set of those elements k G KL(C, A) ++ such that k([1c]) = [1a]- Suppose that both A and C 
are unital and T(C) 7^ and T(A) 7^ 0. Let At : T(A) — >■ T(C) be a continuous affine map. Let 
ho : Kq(C) — > Kq(A) be a positive homomorphism. We say At is compatible with ho if for any 
projection p G M 00 (C), A T (r)(p) = r(/i ([p])) for all r G T(A). Let A : Aff(T f (C)) -> Aff(T(A)) 
be an affine continuous map. We say A and /i is compatible if h is compatible to At, where 
At : T(A) —j- Tf(C) is the map induced by A. We say k and A (or At) are compatible, if Ko is 
positive and k,q and A is compatible. 

Denote by KLT e (C, A) ++ the set of those pairs (k, At), (or, (k, A),) where k G KL e (C, A) ++ 
and At : T(A) — > T f (C) (or, A : Aff(Tf(C)) — >■ Aff(T(A))) is a continuous affine map which is 
compatible with k. If A is compatible with k, then A maps pa{Kq(C)) into pb{Kq{A)). Therefore 
A induces a continuous homomorphism A : AS(T{(C))/ pa(Ko(C)) — > AS(T(A))/pa(Ko(A)). 
Suppose that 7 : U^C) / CUoq(C) — > Uoo(A) / CUoq(A) is a continuous homomorphism and 
fa, : Ki(C) —> Ki(A) are homomorphisms for which ho is positive. We say 7 and h\ are compatible 
if liUooi.tyo/CUooiC)) C t/ 00 (A)o/C?7 00 (74) and 7 o s\ = s\ o h\. We say h ,hi,\ and 7 are 
compatible, if A and ho are compatible, 7 and hi are compatible and 

Det B o 7lc/oo(A) /cc/ oo (A)) = A o Det A . 
We say k, A and 7 are compatible, if kq, kx, A and 7 are compatible. 

2.5. For each prime number, let e p be a number in {0, 1, 2, +00}. Then a supernatural number 
is the formal product p = ri p P ep - Here we insist that there are either infinitely many p in the 
product, or, one of e p is infinite. Two supernatural numbers p = n p P ep ^ an d 1 — n p P ep ^' ) 
are relatively prime if for any prime number p, at most one of e p (p) and e p (q) is nonzero. A 
supernatural number p is called of infinite type if for any prime number, either e p (p) = or 
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e p(p) = +00. For each supernatural number p, there is a UHF-algebra M p associated to it, and 
the UHF-algebra is unique up to isomorphism. 

2.6. Let Q be the UHF-algebra with (K (Q), K (Q) + , [1 A ]) = (Q,Q+, 1) (then the supernatural 
number associated to Q is n p P +0 °)' anc ^ ^ M p and M q be two UHF-algebras with M p ®M q = Q, 
and p = n p P ep( ' fl ^ an d q = FIpP ^ relatively primes. Then, it follows that p and q are of infinite 
type. Denote by 

Q p = Z[— , — , ...] C Q, where e Pn (p) = +00 and 

Pi Pn 

Q q = Z[— , ...,—,...] C Q, where e Pn (q) = +00. 

Pi Pn 

Note that (K (M P ),K Q (M P )+, [l Mp ]) = (Qp, (Q P )+, 1) and (K (M q ), K (N q ) + , [1 M J) = (Q q , (Q q ) + , 1). 
Moreover, Q p n Q q = Z and Q = Q p + Q q . 

2.7. For any pair of relatively prime supernatural numbers p and q, define the C*-algebra Z PA 
by 

Z pA = {/ : [0, 1] -»• M p ® M q ; /(0) G M p <g> l Mq and /(0) G l Mp ® MJ. 

The Jiang-Su algebra 2 is the unital inductive limit of dimension drop interval algebras with 
unique trace, and (K (Z), K (Z), [1]) = (Z, Z + , 1) (see [6]). By Theorem 3.4 of [22], for any pair 
of relatively prime supernatural numbers p and q of infinite type, the Jiang-Su algebra Z has a 
stationary inductive limit decomposition: 

Z PA >- Z PA >■ ■ • • >- Z PA >■ • • ■ >- Z ■ 

By Corollary 3.2 of [22], the C*-algebra Z PA absorbs the Jiang-Su algebra: Z PA ® Z = Z PA . A 
C*-algebra A is said to be Z- stable, if A <g> Z = A. 

Definition 2.8. A unital simple C*-algebra A has tracial rank at most one, denoted by TR(A) < 
1, if for any finite subset J 7 C A, any e > 0, and nonzero a G A + , there exist nonzero projection 
p <E A and a sub- C*- algebra / = ®™ x C(Xi) <g> M r ^ with lj — p for some finite CW complexes 
Xi with dimension at most one such that 

(1) \\[x, p]\\ < e for any x G J 7 , 

(2) for any x G J 7 , there is x' G / such that — < e, and 

(3) 1 — p is Murray-von Neumann equivalent to a projection in aAa. 

In the above, if / can be chosen to be a finite dimensional C*-algebra, then A is said to have 
tracial rank zero, and in such case, we write TR(A) = 0. It is a theorem of Guihua Gong [3] that 
every unital simple AH-algebra with no dimension growth has tracial rank at most one. It has 
been proved in [15] that every 2-stable unital simple AH-algebra has tracial rank at most one. 

Definition 2.9. Denote by M the class of all separable amenable C*-algebras which satisfy the 
Universal Coefficient Theorem. Denote by C the class of all simple C*-algebras A for which 
TR(A (8) Mp) < 1 for some UHF-algebra M p , where p is a supernatural number of infinite type. 
Note, by [19], that, if TR(A ® M p ) < 1 for some supernatural number p then TR(A ® M p ) < 1 
for all supernatural number p. 
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Denote by C the class of all simple C*-algebras A for which TR(A ® M p ) = for some 
supernatural number p of infinite type (and hence for all supernatural number p of infinite type). 

Definition 2.10 (7.4 of [13]). Let X be a compact metric space. It is said to satisfy the 
property (H) if the following holds. For any finite subset J 7 C C(X), for any p > and any 
a > 0, There exists r) > (which depends on p and T but not cr) and there exists a finite subset 
Q C CpT) and 5 > (which depend on X,F,p as well as cr) satisfying the following: Suppose 
that <f), ij) : C(X) —> M n (for any integer n) are two unital homomorphisms such that 

U(f)-^(f)\\<s, 

fJ-rotiOr,) > ar] and fi T01 p(O v ) > OT] 
for any open ball of X with radius 77, where r is the normalized trace on M n , and 

ad(it) o (j) — x/;, for some unitary u £ A. 

Then, there exists a homomorphism $ : C(X) — > C([0, 1], M n ) such that 

7T o $ = 0, TTi o $ = V and - vr t o $(/)|| < p, V/ G J 7 , 

where 7r t is the evaluation map at t. 

Definition 2.11 (8.2 of [13]). Let Xo be the family of finite CW complexes which consists of 
all those with dimension no more than one and all those which have property (H). Note that 
Xo contains all finite CW complex X with finite Ki(C(X)), I x T, n-dimensional tori and those 
with the form TV---VTV7 with some finite CW complex Y with K\(C{Y)) being torsion. 

Let X be the family of finite CW complexes which contains all those in Xo and those finite 
CW complexes with torsion K\. 

Definition 2.12 (11.4 of |13j). An AH-algebra C is said to have property (J) if C is isomorphic 
to an inductive limit liir^. >oo (Cn; 4>i)i where ®^ P n jM r ( n j)((7(X rej -))P n j, where X n j G X and 
where P n j G M r ^ n j\(C(X nt j)) is a projection, and each <pj is injective. 

Any unital simple AH-algebra without dimension growth has property (J). Moreover, for AH- 
algebras with property (J), one has the following uniqueness theorem: 

Theorem 2.13 (11.7 of [H]). Let C be a unital AH-algebra with property (J) and let A be a unital 
simple C*-algebra with TK(A) < 1. Suppose that <p,ip : C — > A are two unital monomorphisms. 
Then <fi and ip are approximately unitarily equivalent if and only if 

[<f>] = W\ in KL(C,A), 

(j)$ = and 0* = 

Remark 2.14. One of the main purposes of this paper is to generalize this result so that A can 
be allowed in the class C mentioned in 12.91 
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2.15. Let A and B be two unital C*-algebras. Let fa : A — > B be a homomorphism and v G U(B) 
be such that 

[h(g), v] = for any g E A. 

We then have a homomorphism fa : A © C(T) — > B defined by / © g >■ h(f)g(v) for any f E A 
and g G C(T). The tensor product induces two injective homomorphisms: 

/3 (0) : A (A) -> (A g) C(T)) and : K X (A) -> Aq(A © C(T)). 

The second one is the usual Bott map. Note that, in this way, one writes 

Ki(A © C(T)) = Aj(^4) © /3( 4 " 1 )(A i _ 1 (A)). 

Let us use /3« : A;(A © C(T)) -> /3 (i_1) (Aj(y4)) to denote the projection. 
For each integer k > 2, one also has the following injective homomorphisms: 

$ : Ki(A, Z/kZ) -> Ki_ x {A © C(T), Z/JfcZ), z = 0, 1. 

Thus, we write 

Ki(A®C(T),Z/kZ) = Ki(A,Z/kZ) © ^C*— !) (i<r i _ 1 (A) , Z/kZ). 

Denote by ^ : A;(A©C(T), Z/fcZ) -»■ /^"^(A^A), Z/fcZ) the map analogous to that of /9«. 
If x G A(v4), we use /3(x) for f3^(x) if x G A* (A) and for pf(x) if x G A^A, Z/kZ). Thus we 
have a map (3 : A(A) ->■ A(A © C(T)) as well as 3 : A(A © C(T)) ->■ /3(A). Therefore, we may 
write K(A © C(T)) = K(A) © /3(A(A)). 

On the other hand, fa induces homomorphisms 

K i)k : Ki(A © C(T), Z/kZ) -> Aj(B, Z/fcZ), 

fc = 0, 2, and z = 0, 1. 

We use Bott (fa, v) for all homomorphisms fa*^ o and we use botti(fa, v) for the homomor- 
phism hifi o (3^ : Ki(A) — > Kq(B), and botto(fa, u) for the homomorphism fa 0i o ° : K (A) — > 
K\(B). Bott(fa, u) as well as bottj(fa, u) (i = 0,1) may be defined for a unitary v which only 
approximately commutes fa. In fact, given a finite subset V C A(A), there exists a finite subset 
J 7 G A and <$o > such that 

Bott(h,v)\ v 

is well defined if 

\\[h(a),v]\\<S 

for all a G T. See 2.11 of [II] and 2.10 of [ID] for more details. 

We have the following generalized Exel's formula for the traces of Bott elements. 

Theorem 2.16 (Theorem 3.5 of [IS]). There is 5 > satisfying the following: Let A be a unital 
separable simple C*-algebra with TR(A) < 1 and let u, v G U(A) be two unitaries such that 
\\uv — vu\\ < 5. Then botti(it, v) is well defined and 

r(botti(tt, v )) = (r(log(vuv*u*))) 

2ni 

for all re T(A). 
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Definition 2.17. Let A be a unital C*-algebra with T(A) ^ 0. Let us say that A has Property 
(Bl) if the following holds: For any unitary z G U(Mk(A)) (for some integer k > 1) with 
sp(z) = T, there is a non- decreasing function 1/4 > 5 z (t) > on [0, 1] with S z (0) = such that 
for any x G K (A) with |r(x)| < 5 z (e) for all r G T(A), there exists a unitary w G Mk(A) such 
that 

(2.4) || [it, z]|| < min{e, -} and botti(u, z) = x. 

Let C be a unital separable C*-algebra. Let 1/4 > A c (t, J 7 , P , P±, h) > be a function defined 
on t G [0, 1], the family of all finite subsets J 7 C C, and the family of all finite subsets P C K (C), 
and family of all finite subsets V\ C i^i(C), and the set of all unital monomorphisms h : C — > A. 
Let us say that A has Property (B2) associated with C and A c if the following holds: 

For any unital monomorphism h : C — > A, any e > 0, any finite subset T C C, any finite 
subset Vo C K (C), and any finite subset V\ C Ki(C), there are finitely generated subgroups 
Go C K (C) and G\ C Ki(C) with finite sets of generators Go and Q\ respectively, such that 
Vo C Go and V\ C G±, satisfying the following: For any homomorphisms b : Go — > Ki(A) and 
bi : Gi — > Kq{A) such that 

(2.5) |ro6i(^)| < A c (e,F,P ,P u h) 

for any g G Q\ and any r G T(A), there exists a unitary u G U(A) such that 

(2.6) botto(/i, m)|-p = &o|-p ) botti(/i, m)]^ = feil^ and 

(2.7) ||[/i(c), u] || < e for all c G J 7 . 

Remark 2.18. By Theorem 6.3 of |15j . any unital simple separable C*-algebra with tracial rank 
at most one (in particular any simple separable C*-algebra with tracial rank zero) has Property 
(Bl). Also by Theorem 6.3 of [15] (see also Remark 6.4), any unital simple separable C*-algebra 
A with tracial rank no more than one has Property (B2) with respect to any unital AH-algebra 
C with Property (J) (see Definition 12. 121 below) and any monomorphism from C to A. 

By Lemma 7.5 of [TT], any simple unital separable C*-algebra A with tracial rank at most one 
has Property (B2) with respect to any unital AH-algebra C and any monomorphism from C to 
A. 

3. Rotation maps 

In this section, we collect several facts on the rotation map which are going to be used frequently 
in the rest of the paper. Most of them are known. 

Definition 3.1. Let A and B be two unital C*-algebras, and let ip and <fi be two unital monomor- 
phisms from B to A. Then the mapping torus is the C*-algebra defined by 

M M := {/ G C([0, 1], A); f(0) = <P(b) and f(l) = ^(6) for some b G B}. 

For any if;, <fi G Hom(B, A), denoting by tto the evaluation of at 0, we have the short exact 
sequence 

S(A) — M M ^ B 0. 
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If = (i = 0,1), then the corresponding six-term exact sequence breaks down to the 
following two extensions: 

77i(M^): ^K i+1 (A) * K^M^) * K^B) -0 (i = 0,l). 

3.2. Suppose that, in addition, 

(3.1) t o <J) = T o if) for all r G T(A). 

For any continuous piecewise smooth path of unitaries u(t) G M^, consider the path of unitaries 
w(t) = u*(0)u(t) in A. Then it is a continuous and piecewise smooth path with w(0) = 1 and 
w(l) = w*(0)u(l). Denote by R^^iu) = Det(w) the determinant of w(t). It is clear with the 
assumption of (13.11) that R<f,^(u) depends only on the homotopy class of u(t). Therefore, it 
induces a homomorphism, denoted by R^, from Ki(M^) to Aff(T(A)). One has the following 
lemma. 

Lemma 3.3 (3.3 of [TT]). When ( \3.1\) holds, the following diagram commutes: 

K (A) ^i(M^) 

pa\ )/ R<t>,ip 

Aff(T(A)) 

Definition 3.4. Fix two unital C*-algebras A and B with T(A) ^ 0. Define TZq to be the subset 
of Hom(Ki(B), Aff (T(A))) consisting of those homomorphisms h G Hom(Ki(B), Aff (T(A))) for 
which there exists a homomorphism d : K\(B) — > Kq(A) such that 

h = Pa ° d. 

It is clear that 1Z is a subgroup of H.om(Kx(B), Aff(T(A))). 

3.5. If [0] = [^] in KK(B,A), then the exact sequences rj^M^) (i = 0, 1) split. In particular, 
there is a lifting 9 : K\(B) — >• K^M^). Consider the map 

R^oe-.K^B) ->Aff(T(^)). 

If a different lifting 0' is chosen, then, 9 — 9' maps Ki(B) into i£o(-<4)- Therefore 

° # — ° G 7£ - 

Then define 

R^ = [R^o9] G Hom(/fi(S),Aff(T(A)))/72o. 
If [4>] = [if;] in KL(B, A), then the exact sequences ^(M^) (i = 0, 1) are pure, i.e., any finitely 
generated subgroup in the quotient groups has a lifting. In particular, for any finitely generated 
subgroup G C Ki(B), one has a map 

i^o0:G-»Aff(T(A)), 

where 9 : G — >■ i^i(M^) is a lifting. With a similar definition of 7^o of 13.41 with Ki(B) replaced 
by G, one shows that if a different lifting 9' is chosen, then, 

R<j>,ij) o 9 — o 6 G 7^o . 
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One defines 

R M \g = [R^ o 9]\ g G Hom(G, AS(T(A)))/7l . 
Let 0i, : B — y A be another pair of unital monomorphisms. We will write 

R([>,ip R(f>-L,ipi 

if R^\g — R^^Ig f° r every finitely generated subgroup G of K~i(B). In particular, we write 

R<t>,ip — o 

if R^\g = for every finitely generated subgroup G of K~i(B). This is equivalent to the condition 
that 

[0] = ty,] in KL(B,A) and R^K^M^)) C pa(#o(A)). 
See 3.4 of fTB] for more details. 



Lemma 3.6 (Lemma 9.2 of [ISj). Lei C and A be unital C*-algebras with T(A) ^ 0. Suppose 
that (p, ip : C —> A are two unital homomorphisms such that 

[0] = [ip] in KL{C, A), fl = ^ and <j) X = rft. 



Then the image of is in the pa(K (A))CAS (T(A)). 

Proof. Let z G K\{C\ Suppose that u G U n {C) for some integer n > 1 such that [u] = z. 
Note that ip(u)*(p(u) G CU n (A). Thus, by 12.31 for any continuous and piecewise smooth path of 
unitaries {w(t) : t G [0, 1]} C U(A) with w(0) = ij)(u)*<f>(u) and io(l) = 1, 

(3.2) Det(^)(r) = £ T (^-w(t)*)dt G p^o(A)). 

Suppose that {(v)(t) : ( 6 [0,1]} is a continuous and piecewise smooth path of unitaries in 
U n (A) with v(0) = (j){u) and v(l) = ip(u). Define w{t) = ip(u)*v(t). Then w(0) = ^*{u)<p{u) and 
w(l) = 1. Thus, by Q , 

(3.3) ^W(r) = [\fi^(ty)*t 

eft 



(3.4) /' r{^{u)*^P-v{t)*i;{u))dt 



(3.5) = / r(^^^(t)*)dt G p A (K (A)). 



1 



□ 



3.7. Let A be a unital C*-algebra and let u and w be two unitaries with \\u*v — 1|| < 2. Then 
/i = 2^ log(u*w) is a well defined self-adjoint element of A, and u>(t) := u exp(2niht) is a smooth 
path of unitaries connecting u and v. It is a straightforward calculation that for any r G T(A), 

Det(w(t))(r) = ^-r(\og(u*v)). 
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3.8. Let A be a unital C*-algebra, and let u and w be two unitaries. Suppose that w G Uq(A). 
Then w = YYk=o exp(27ri/i fc ) for some self-adjoint elements h , h m . Define the path 

i-i 

w(t) = ( Y\ exp(27ri/ifc)) exp(27ri/i;mt), if t G [(/ — l)/m,l/m], 

k=0 

and define = w*(t)uw(t) for t G [0, 1]. Then, tt(t) is continuous and piecewise smooth, and 
m(0) = u and w(l) = w*uw. A straightforward calculation shows that Det(w(t)) = 0. 

In general, if w is not in the path connected component, one can consider unitaries diag(u, 1) 
and diag(u>, w*). Then, the same argument as above shows that there is a piecewise smooth path 
u(t) of unitaries in M 2 (A) such that u(0) = diag(w, 1), u(l) = diag(w*uw , 1), and 

Det(w(t)) = 0. 

Lemma 3.9 (Lemma 3.5 of [IT]). Let B and C be two unital C*-algebras with T{B) ^ 0. 
Suppose that <f),ip : C — > B are two unital monomorphisms such that [(f)] = [ip] in KL(C,B) and 

T O (f) = T O ijj 

for all t G T(B). Suppose that u G Ui(C) is a unitary and w G Ui(B) such that 

\\((f)®idM l )(u)w*(ip®idM l )(u*)w - 1|| < 2. 
Then, for any unitary U G C/j(M^) with U(0) = (0 (g> id^X^) and U(l) = (0 <S> idjvf,)(w) suc/i 

(3.6) -L r (log((0 <g> id Ml ){u*)w*{iP ® id Ml ){u)w)) - R M ,([U])(r) G p B (K (B)) 

Proof. Without loss of generality, one may assume that u G C. Moreover, to prove the theorem, 
it is enough to show that (13. 6p holds for one path of unitaries U(t) in M 2 (B) with £7(0) = 
diag(0(w), 1) and U(l) = diag(-0(w), 1). 

Let U~i be the path of unitaries specified in 13.71 with U~i(0) = diag(0(w), 1) and U\(l/2) = 
diag(w*^(u)w, 1), and let U 2 be the path specified in 13.81 with U 2 (l/2) = diag(w*^(u)w, 1) and 
C^(l) = diag(^(M),l). 

Set U the path of unitaries by connecting U~i and U 2 . Then U(0) = diag(0(w), 1) and U(l) = 
diag(^(w), 1). By applying 13.71 and |3.8[ for any r G T(B), one computes that 

R M {[U\) = Det(U(t))(r) = Det(^(t))(r) + Det(C/ 2 (t))(r) = i#>^(u)w), 
as desired. □ 

4. Approximately unitarily equivalent 

First we begin with the following lemma which is a simple combination of the uniqueness 
theorem 12.131 and the proof of Theorem 4.2 in [T8] . 

Lemma 4.1. Let A be a C*-algebras with TR(A) < 1, and let C be a unital AH-algebra with 
property (J). If there are monomorphisms <p,ip : C — >■ A such that 

[(f)] = [ip] in KL(C,A), 0jj = Vfl, and 0* = 0*, 



HOMOMORPHISMS INTO A SIMPLE ^-STABLE C*-ALGEBRAS 13 

then, for any 2 > e > 0, any finite subset J 7 C C, any finite subset V C U n (C) for some n > 1, 
there exist a finite subset Q C Ki(C) with V C Q (where V is the image of V in K\(C)) and 
S > such that, for any map 77 : (Q) — > A&(T(A)) with \t}(z)(t)\ < S for all r G T(A) and 
r](z) — R^{z) G pa(Kq(A)) for all z G Q , there is a unitary u G A such that 

\\<t>{x) - u*ip(x)u\\ < e V16 J, 

and T(^\og(((f) id M Az*))(u ® l M J*(^ ® id Mn (z))(u ® l Mn ))) = t(t]([z})) for all z G V and 
for all re T{A). 

Proof. Without loss of generality, one may assume that any element in J 7 has norm at most one. 
Let e > 0. Choose e > 77 > and a finite subset T C Tq C C satisfying the following: For all 
z6?, r(^\og((f)(z*)iu*ip(z)wj)) is well defined and 

(4.1) r(^log(0(z>*^K-)) 

(4.2) = r (^log(0(z*)^(^K) + ---+r(^log(0(z*)^(^i)^ for all reT(A), 
whenever 

\\<Kf) - VjWH-ll < V for all / G F Q , 
where Vj are unitaries in A and lo, = v 1 • • • Vj, j = 1, 2, 3. In the above, if z G U n (C), we denote 
by and ip the extended maps (j)®id Mn and -0 ®idM„, and replace Wj, and Uj by diag(wj, Wj) 
and diag(vj, ...,Vj), respectively. 

Note that A has Property (B2) associated to C (see !2.18p and some Ac. Set S = ^A c (rj/2, To, {0}, V , ip), 
and Q the subset corresponding to V. Let Q' C U m (C) be a finite subset containing a represen- 
tative for each element in Q. Without loss of generality, one may assume that V C Q' . 

By Corollary 11.7 of [13], the maps <fi and ^ are approximately unitary equivalent. Hence, for 
any finite subset Q and any Si, there is a unitary v E A such that 

||0(x) - v*i/;(x)v\\ < Si Vx G Q. 

By choosing J CQ sufficiently large and Si < r]/2 sufficiently small, the map 

[z] 1 y r(^log(0*(^A/;(>)), z G Q', 

induces a homomorphism 771 : (Q) — > Aff(T(A)), and moreover, ||?7i([^])|| < 5 for all z G £7'. 

By Lemma [379| the image of 771 — is in p(K (A)). Since r]([z]) — R^([z\) G pa(K (A)) 
for all z G the image of 77 — rji is also in pa(K (A)). Since p^(i 5 f (^4)) is torsion free and (Q) 
is finitely generated, there is a map h : (Q) — > Kq(A) such that 

77 - 77! = p A o h. 

Note that |r(/i(z))| < 2S = A c (t//2, J" , {0}, V, 0) for all r G T(A) and z G 0. 
Since A has property (B2), there is a unitary w such that 

||KV(z)]|| < 7?/2, Vx G Jo, 
and botti(iw, , 0)(z) = h([z]) for all z eV. 
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Set u = wv. One then has 

— u*ij){x)u\\ <rj, Vx G Fq, 

and for any z G V and any r G T(^4), 

1 1 

r(—Aog(4>(z*)u*ij(z)u)) = r(— log(<j>(z)v w*if>(z)wv)) 

= r( \og((p(z*)v *ip(z)vv*ip{z*)w*ip(z)wv) 

2ni 

= r(— ]ag(<f>(z*)v*ij)(z)v) + r(— log^^*)™*^)™) 
= Vl (mr) + h([z])(r)= V ([zm. 

□ 

Remark 4.2. The lemma also holds for the case C is any unital AH-algebra if TR(A) = 0. The 
assumption that C has Property (J) is used so that the uniqueness theorem 12.131 can be applied. 
In the case that TR(A) = 0, then one can apply Theorem 3.6 of [9] in which case the condition 
<p = ^+ is not needed. This case of the lemma is also observed by H. Matui in |20j . 

Theorem 4.3. Let A be a C*-algebra with TR(A £g> Q) < 1, and let C be a unital AH-algebra 
with property (J). Suppose that there are two unital monomorphisms <j),ip : C — >■ A with 

[0] = [if>] in KL(C,A), tt = ^ and $ = ^. 

Then, for any finite subset J 7 C C , there exists a unitray u G A® Z such that 

\\(j){x) <g) 1 - u*(i(;{x) <g) l)w|| < e VxG J. 

Proof. Assume that any element in J 7 has norm at most one. Let p and q be a pair of relatively 
prime supernatural numbers of infinite type with Q p + Q q = Q. Denote by M p and M q the 
UHF- algebras associated to p and q. 

Denote by 5, Q C C and V C K(C) the finite subsets of Theorem 8.4 of [H] corresponding 
to T and e/2. Without loss of generality, we may assume that 5 < e/2 and Q is large enough 
so that for any homomorphism h : C — > A, the map Bott(/i, Uj) and Bott(/i, Wj) are well defined 
and 

Bott(/i, Wj) = Bott(/i, Mi) + • • • + Bott(/i, Mj) 

on the subgroup generated by V, if Uj is any unitaries with || [h(x), Uj] \\ < 5 for all x G Q, where 
Wj = m ■ --Uj, j = 1,2,3,4. 

Let i x : A — > A <g> M r be the embedding defined by z r (a) = a <8> 1 for all a G A, where r is a 
supernatural number. Define r = i x o <f> and ip x — i t o ip. 

For any supernatural number r, note that A <g> M r has Property (B2). Denote by 5 X and 
"H r C K_{C) the constant and finite subset corresponding to 5/4, Q, V and ijj t . Pick < 82 < 
min{5 p ,5 q }, and set H = Tip U "H q . Denoted by "Hi = % fl i^i(C), and pick a finite subset 
W C U n (C) for some integer n > 1 such that any element in "Hi has a representative in IA. Let 
5 C C be a finite subset such that, if u = (a^) G W, then ajj G S 1 . 
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Furthermore, one may assume that 82 is sufficiently small such that for any unitaries Zi,z 2 in 
a C*-algebra with tracial states, T(-^- i \og(z i z*)) = 1,2,3) is well defined and 

T(y ^n l0g ( Zl ^)) = r (^~ M^s*)) + T (^~ M^)) 

for any tracial state r, whenever H^i — 23H < 82 and \\z 2 — z 3 \\ < 8 2 - 

Let Q C Ki(C) and £3 be the finite subset and constant of Lemma 14.11 with respect to 
Q U S, U and 8 2 . By Lemma [376| the image of R^ is in the closure of pa(K (A)). Note that 
kernel of contains Tor((Q)) and (Q) is finitely generated. There exists a homomorphism 
77 : (Q) Aff(T(A)) such that rj{z) - R^(z) G p A (K (A)) and \\rj(z)\\ < 8 3 for all z G Q. 

Then the image of (i p )$ o rj — R^, ^ is in Pa®m p {Kq(A (g> Mp))). The same holds for q. By 
Lemma [4.11 there exists unitaries u p and u q such that 

|Up(x) — ulipp(x)u p II < 8 2 /n 2 and ||0 q (x) — u*tp q (x)u Ci II < 8 2 /n 2 , Vi 6 (/US'. 



Moreover, 



log(<pp{z*)u* p ip p {z)u v )) = (z„) tt o V ([z})(t) for all r G T(A P ) and 



(4.3) r(— log(0 q (z*)M*Vq(^)«q)) = (h\ for all r € T(A q 



1.4) r^ottx^^)®!,^*)) = r(—\og{u pU ;(^{z) <g> <g> 1))) 

(4.5) = r(^log(M*(^)®l)M,u;(^(0®lK) 

(4.6) = log^M*) ® (g) 1)) 



1 

and for all z Eht, where we identify (ft and ip with (g) i&M n and <g> idM„, and u with it <g> 1m„, 
respectively. 

Let 00 be the supernatural number associated with Q. Let e p : A <g> M p — )■ A eg) Q and e q : 
A (g) M q — >■ A <g> Q be the standard embeddings. Then, one computes that, for all z G U, by the 
Exel's formula (see 12.161 ). 

1 

'2~7ri 
1 

1 

'2~7ni 

(4.7) +r(-L log((<^*) (g) l)uj(^(z) <g> 1)m p ) 

(4-8) = -(e q ) tt o ( lq ) fl o v([z})(r)+(eph (*p)b ^(N)( r ) 

(4-9) = -(too),, o v{[z])(t)+M» V{[z]){r) = 

for all r G T(A(g>Q), where we identify <ft and ?/> with </> (g> idjv/„ and ^(Sidj^, and u p and u q with 
u p (g) 1m„ and u q with u q (g) l Mn , respectively. Therefore, the image of the map botti(-0 (g) 1, u p u*) is 
in kerp^g. Note that ^(^4® Q) — -f^o(^) is torsion free. Hence the map botti(^(g> 1, w p w*) 
factors through the torsion free part of (Hi). Also note that ker pa®q = ker pa <S> Q, and, since 
p and q are relative prime, any rational number r can be written as r = r p + r q with r p G Q p 
and r q G Q q (see 12.61) . One has two maps 9 p : ("Hi) — > kerp A(glMp and 9 q : (Hi) — > kerp A(g)Mc| 
such that botti(^ (g) l,u p u*) = # p — q . Moreover, the same argument shows there are maps 
«p : (Ho) -» A'i(A (g) M p ) and a q : ("H ) ->• Ki{A (g) M q ) such that bott (V> ® 1, Wp« q ) = a p — a q . 
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Then, there are unitaries w p G B <8> M p and w q G B <g> M q such that 

||K,^ p (a:)]|| < 5 /4, ||[w„Vq(a?)]|| < <V 4 > 

for any iG^, and 

botti(^ p , w p )\ Tl = -Bp, botti^,^)!^ = 6> q 
bott (^p, w p )\v = -a p and bott (^q, w q )|p = a q 
Consider the unitaries v p = WpU p and v q = w q u q . One then has that 

\\cj)(x) ® 1 - (8) l)u> p u p || < 5/2 and ||0(x) <8> 1 - u*w*(^(x) (8 l)«V-t<,|| < V 2 , Vx G Q. 

Hence 

||[w p UpU*w*,^(x) <8 1]|| < 5, Vx G 

Moreover, 

botti(^> <S> 1, WpUpU*w*) = botti(^ C8 1, it)p) + bott( , <8 1, UpU*) + botti(^ (8 1, u;*) 

= — P + 6p + 6* q — 9 q = 

on the subgroup generated by Pi. The same argument shows that botto(^ <8 1, ^p^p^q^q) = 0. 
Since Ki(A (8 Q, Z/mZ) = {0} for all m > 2 and z = 0, 1, one has that 

Bott(V> <8 1, WpMpM*W*)|p = 0. 

Therefore, by Theorem 8.4 of [H], there is a continuous path of unitaries v(t) in A®Q such that 
f(l) = 1 and v (0) = w;pMpM*iy*, and 

<8 1]|| <e/2 Vx EFJoralltE [0,1]. 

Consider the unitary u(t) = v{t)w*u q E A® Z VA) and it has the property 

||0(x) 8> 1 - u*(i/j(x) 8> l)u|| < e, Vi6 J 7 . 

One then embeds 2 Pi q into 2 to get the desired conclusion. □ 

Corollary 4.4. Lei C be a unital AH-algebra with property (J) and let A be a unital separable 
simple Z-stable C*-algebra in C. Let <fi,if) : C — >■ A be two unital monomorphisms . Then there 
exists a sequence of unitaries {u n } C A snc/i that 

lim u* n ip(c)u n = 0(c) /or a// c G C, 

n— >oo 

if and only if 

[0] = [ip] in KL{C,A), tt = ^ and 0* = <0*. 

Proof. We will show the "if part only. Suppose that and ip satisfy the condition. Let e > 
and let J 7 C C be a finite subset. Then, by 14. 3[ there exists a unitary v & A® Z such that 

(4.10) KO(a) ® l)f - 0(a) <8 1|| < e/3 for all a G J 7 . 

Let z : A — )■ A (8 -2 be defined by z(a) = a (8)1 for a G A. There exists an isomorphism j : A®Z — > A 
such that j o z is approximately inner. So there is a unitaries w6/l such that 

(4.11) \\j(i/>(a)<8)l)-w*i/)(a)w\\<e/3 and ||w*0(a)w - j(0(a) <8 1)|| < e/3 
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for all a G J 7 . Let u = wj(v)w* G A. Then, for a G J 7 , 

(4.12) \\u*i[)(a)u — <fi(a)\\ = \\w j(v )*w*ip(a)wj(v)w* — 0(a)|| 

(4.13) < \\wj(v)*w*il)(a)wj(v)w* — wj(v)*(j(tl)(a)<g)l)j(v)w*\\ 

(4.14) +|| wj(v)*(j(ip(a) CB) l)j(t>)u>* — w(j(<f)(ci) ® l)u>*|| 

(4.15) +||to(j(0(a) ® -0(a) || 

(4.16) < e/3 + e/3 + e/3 = e for all a G J". 

□ 

A version of the following is also obtained by H. Matui. 

Corollary 4.5. Let C be a unital AH-algebra and let A be a unital separable simple C*-algebra 
in C which is Z-stable. Suppose that </>, if) : C — > A are two unital monomorphisms. Then there 
exists a sequence of unitaries {u n } C A such that 

lim u^(j)(c)u n = ip(c) for all c G C, 

n— >oo 

if and only if 

[0] = [ip] in KL{C,A), ^ = ^ and 0* = tpK 

Proof. The proof is exactly the same as that of 14.31 and 14.41 WhenTheorem 12.131 is applied, one 
applies Theorem 3.6 of [9] instead. One also uses Remark 14.21 □ 

Lemma 4.6. Let A be a unital separable simple C*-algebra in M fl C and B G C be a unital 
separable C*-algebra and let <fi,ip : A — >■ B. Suppose that 

(4.17) M = M in KL(A, B), 

(4.18) tt = and $ = ipK 

Let p and q be two relatively prime supernatural numbers of infinite type with M p (g) M q = Q. 
Then, for any e > and any finite subset 7c A® ^p,qj there exists a unitary v G B <g> ^ P;q swc/i 

(4.19) ||u*(0 g> id(a))u - ^ ® id(a) || < e for all a G J 7 . 

Proof. Let r be a supernatural number. Denote by 2 r : A — >■ A £g> M t the embedding defined by 
i t {a) = a <S> 1 for all a G A. Denote by j r : 5 — > B ® M c the embedding defined by j r (fr) = 6 <8> 1 
for all G -B. Without loss of generality, one may assume that J 7 = T\ <8> ^2, where Ji C A and 
^2 ^ are finite subsets and 1^ e J and 1^ (] G J^. Moreover, one may assume that any 
element in T\ and Ti has norm at most one. 

Let = to < t\ < • • • < t m = 1 be a partition of [0, 1] such that 



(4.20) 



||6(t) -6(ti)|| < e/4 V6 G J^, Vt G fc-i,^], i = l,...,m. 
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Consider 

£ = { a ®b(U); a G T\,b G T 2 ,i = 0, ...,m} C A® Q, 

(4.21) £ p = {a<g>&(t ); a 6 71,6 G J* 2 } C A<g)M p c A®Q and 

(4.22) S q = {a®b(t m ); aG T u b e T 2 } C A®M q c A<g)Q. 

Let H C A® Q, 7> C A(^4(g)<3), and <5 > be the constant of Theorem 8.4 of [Hj with respect 
to £ and e/8. Denote by oo the supernatural number associated with Q. Let V% = VnKi(A(£)Q), 
i — 0, 1. There is a finitely generated free subgroup G(V)i.o C Aj(v4) such that if one sets 

(4.23) G(7 ? )<, DO ,o = ({yr : g G (2 O o)«(G(P) l , ) and r G Q }), 

where 1 G <2o C Q is a finite subset, then G(V)i )00) o contains the subgroup generated by Vi, 
i = 0, 1. Without loss of generality, we may assume that G(V)i,o is the subgroup generated by 
Vi, i — 0, 1. Moreover, we may assume that, if r = k/m, where k and m are nonzero integers, 
and r G Qo> then 1/m G Qo- Let V[ C A^A) be a finite subset which generates G(V)i t o, i = 0, 1. 

Assume that % is sufficiently large and S is sufficiently small such that for any homomorphism 
h from A £g> Q to B <g> Q and any unitary Zj (j = 1, 2, 3, 4), the map Bott(/i, and Bott(/i, u;.,) 
are well defined on the subgroup generated by V and 

Bott(/i, iuj) = Bott(/i, z\) H h Bott(/i, 

on the subgroup generated by V, if ||[/i(x), Zj]\\ < 5 for any x G "H, where = z\"-Zj, 
j = 1, 2, 4. By choosing even smaller 5, without loss of generality, we may assume that 

where H° C A, W C M p and W C M q are finite subsets, and 1 G "H , 1 G H p and 1 G ft*. 

Denote by 5 2 , Q C A(v4cg>(5) the constant and finite subset of Theorem 6.3 of [15] corresponding 
to 5/4, TL and "P. Let %' C A ® Q be a finite subset and assume that 52 is small enough such 
that for any homomorphism h from A £g> Q to I? <E> Q an d an y unitary Zj (j = 1, 2, 3, 4), the map 
Bott(/i, Zj) and Bott(/i, i«j) is well defined on the subgroup generated by Q and 

Bott(/i, Wf) = Bott(/i, zi) H h Bott(/i, Zj) 

on the subgroup generated by Q, if [| [/i(x), Zj]\\ < 5 2 for any x G H', where lUj = Z\- ■ ■ Zj, 
j = 1, 2, ...,4. Moreover, one may assume that Q D V. Furthermore, as above, one may assume, 
without loss of generality, that 

W = W?' ®W' ®W' , 

where U Q C U ' C A, W C "H p ' G M q and W C C M q are finite subsets. 

Let <5 2 > be a constant such that for any unitary with \\u — 1|| < 5 2 > one has that || log it 1 1 < 
5 2 /4. Without loss of generality, one may assume that 6' 2 < 5 2 /4 < e/4. 

Let 1Z Z C A (A ® M v ) and <5 r be the finite subset and constant of Property (B2) with respect 
to n ' ® H r ' and (z t )«(K) (* = 0, 1) and 5' 2 /8 (r = p or r = q). Let TZ[ l) = K x n A; (A ® M t ), 
z = 0, 1. There is a finitely generated subgroup Gi$,t C Ki(A) which is free so that 

G 'i,o,x = ({gr '■ (h)*i{Gi,o,t) and r G Q o}) 
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contains the subgroup generated by 7Z\ , i — 0, 1. We may assume that these two subgroups are 
the same (for i — 0, 1). 

Denote by 7Z C ir(A(g(5) a finite subset containing the union of [« p ](7£p) and [z q ](72. q ). Without 
loss of generality, one may also assume that 7Z D Q. 

Let 7i x C A {g M r be a finite subset and 63 > such that for any homomorphism h from A (g M r 
to .B (g M t (r = p or r = q) any unitary Zj (j = 1,2,3,4), the map Bott(h, Zj) and Bott(/i, Wj) 
are well defined on the subgroup generated by 7Z X and 

Bott(/i, m,-) = Bott(/i, z x ) H h Bott(/i, Zj) 

on the subgroup generated by 7£ r , if Zj]\\ < S3 for any x G "H r , where = Z\---Zj, 

j = 1,2, ...,4. Without loss of generality, we assume that H° <g Ti p C "H p and "H <g> "H q C "H q . 
Furthermore, we may also assume that 

7i x = %o,o ® %0,t 

for some finite subsets Ho,o and Tio, x with K ' C ^0,0 C A, "H p ' C "Ho,p C M p and "H q ' C "Ho,q- In 
addition, we may also assume that £3 < 52/2. 

Furthermore, one may assume that 63 is sufficiently small such that, for any unitaries Z\, Z2, Z3 
in a C*-algebra with tracial states, log(ziZ*)) = 1, 2, 3) is well defined and 

r (77- lo g(^i^2)) = t (t7- M^s)) + log(^3^)) 
27T2 2m 2m 

for any tracial state r, whenever H^i — z 3 || < 63 and \\z2 — z 3 \\ < 63. 

To simply notation, we also assume that, for any unitary zj, (j = 1, 2, 3, 4) the map Bott(/i, Zj) 

and Bott(/i, Wj) are well defined on the subgroup generated by 7Z and 

Bott(/i, = Bott(/i, 2Ti) H h Bott(/i, Zj) 

on the subgroup generated by 7Z, if Zj]\\ < 63 for any x G "H", where Wj = Zf-Zj, 

j = 1, 2, 4, and assume that 

Let 7Z l = 7Z fl Ki(A (g Q). There is a finitely generated subgroup Gj j0 of Ki(A) which is free 
and there is a finite subset Qo C Q such that 

Gi,oo = ({gr : g G (ioc)*i(G ifi )) and r G Q' }) 

contains the subgroup generated by TV , i = 0, 1. Without loss of generality, we may assume 
that Gj j00 is the subgroup generated by 7Z\ Note that we may also assume that G ij0 D G(V)i$ 
and 1 £ D Qo- Moreover, we may assume that, if r = k/m, where m, k are relatively prime 
non-zero integers, and r G Qo, then 1/m G Qo- We may also assume that Gi,o,t C G i:0 for t = p, q 
and % — 0, 1. Let 7?.*' C ^(A) be a finite subset which generates G^o, i = 0, 1. Choose a finite 
subset U C t/ n (yl) for some n such that for any element of TZ 1 ', there is a representative in W. 
Let S be a finite subset of A such that if (zij) G W, then Zjj G S*. 

Denote by £4 and Q x C (g M r ) = -Ki(v4) (g Q r the constant and finite subset of Lemma 

14.11 corresponding to S x U W x (g lU^S) and z r (W) and ^ min{5 2 /8, 5 3 /4} (r = p or r = q). We 
may assume that Q r = {x (g r : x G Q' and r G Q"}, where Q' C Ki(A) is a finite subset and 
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Q" C Q c is also a finite subset. Let K = max{|r| : r G Q p U Q q }. Since [0] = [^] in KL(A, B), 
tt = ^ and 0* = V*, by LemmaEH C p B (K (B)) C Aff(T(5)). Therefore, there 

is a map r/ : (Q') — > p B (K (B)) C Aff(T(5)) such that the image of rj — is in p B (K (B)) 
and ||?70)|| < ^ for all z G Q'. 

Consider the map C = <g> id.M z and ^ r = if) (8) idjw t (r = p or r = q). Since r\ vanishes 
on the torsion part of (Q'), there is a homomorphism r] t : ((h)*i(Q')) —> Pb®mX-Ko(B <S> M x ) C 
Aff (T(£ <8> M t )) such that 

(4.24) Tk o (it),i = 77. 

Since p B (Ko(B)) p Bt ^M t (K (B <S> M t ) = M.p B (K (B)) is divisible, one can extend ?7 r so it defines 
on Ki(A) <S> Q r - We will use rj v for the extension. Note that the image of t] v — R<f> tt% p t is in 
Pb®m v (Ko(B M t )), and < £4 for all 2 G Q. By Lemma EL~Tl there exists a unitary 

Up G 5 <g) M p such that 

(4.25) ||n;(0®id Mp )(c)np-(^®id Mp )( C )|| < \ min{^/8, 5 3 /4}, Vc G £ p U HpUzp(S). 
Note that 

||u*(0 <g> id Mf )(z)u p - {if}® id Mp )(z)|| < 5 3 for any z eU. 

Therefore log(tt*(0(8)idp)(2;)wp('0 (g> id p )(z*))) = r]p([z})(r) for all z G i p (U), where we identify 
and ip with ® id^ n and -0 ® idM n , and w p with u p ® 1m„, respectively. 
The same argument shows that there is a unitary w q G B ® M q such that 

(4.26) ||u*(0®id M J(c)u q - (^<8>id Mq )(c)|| < — min{^/8, V*}, Vc G 5, U H q Uip(S), 

and r(^ log(n*(0 ® id q )(z)M q ('0 ® id q )(z*))) = ?7q ( [-^] ) (t) for all z G where we identify 

and with <g> idjv/ n and if} ® id^^, and u q with u q (g) 1m„, respectively. We will identify 
Up with u v <g> 1m, and u q with u q £§) 1m p - Then u p u* E A® Q and one estimates that for any 
c G U 00 ®'Hq$ ®U q , 

(4.27) K«;(0®lg(c)H«;-(0®lo)(c)|| <5 3 , 

and hence Bott(0 ® idg, tt p tt*)(,z) is well defined on the subgroup generated by 7?.. Moreover, for 
any z G U, by the Exel's formula (see 12.161) and applying (14.241) . 

(4.28) r(bott 1 (0 ® id Q , u P <)((*°°)*i(M))) 

(4.29) = r(bott 1 (0®id Q ,MpM q *)(? oo (2))) 

(4.30) = r(— log(«p<(0(gid Q )(z oo ^)))wX(0(8)idQ)(z oo (2;))*) 
(4-31) = r(^- log(u q *(0 ® idg)^))))^ ® id Q )(z 00 (^)))) 

(4.32) " r( 27z log K(^ ® id Q )M^)K(^ ® id Q )(z oc (z*)))) 

(4-33) = ^(K)*i(N))(r)-r/p((z p ), 1 (H))(r) 

(4.34) = rj([z])(r) - r)([z\) (r) = for all r G T(£), 
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where we identify <fi and i[) with </> <g) id.M„ and ip ® l( ^M n i and w p and w q with u p £g> 1m„ and u q 
with w q (g) ljv/ n , respectively. 

Now suppose that g £ G loo . Then there is g — (A;/m)(z 00 )*i([^]) for some z Ell and where 
fc, m are non-zero integers. It follows that 

(4.35) r(botti(> ® idg, u p u q *)(m#)) = fcr(botti(0 ® id Q , u p u*){([z])) = 
for all r £ T(5). Since Aff(T(5)) is torsion free, it follows that 

(4.36) r(botti(0<g> id Q , u p u*)(g) = 

for all g £ Gi j00 and r £ T(£>). Therefore, the image of botti (0® idQ, u p u*) on is in ker Pb®q- 
Using the same argument as that of Theorem I4.3[ one can choose maps 9 p : (2 p )*i(£a,o) — > 
kerp B ® Mp and 9 q : (z q )*i(Gi )0 ) ->> kerp B0Mq such that 

botti(0(g>id Q ,M p M*) O (loo),,! = 6> p O (i,,),! +0 q O 

on Gi i0 and one can choose maps a p : (« p )*o(G ? o,o) — ► K\(B ® M p ) and a q : (« q )*o((jo,o) — ► 
M q ) such that 

botto (0 <S> id Q , u p u*) o (zoo)* = « P o (z p )* + a q o (z q )* 

on Gofl. Restrict the maps {9 p ,a p } and the maps {9 q ,a q } to the subgroups generated by the 
images of G i)0jP and Gi,o,q respectively, and keep the same notation. Since B <g> M p and B <g> M q 
have Property (B2), there exist unitaries w p £ B <g> M p and w q E B ® M q such that 



||K(0<g>id Mt ,)(z)]|| <^/8, ||K,(0®id Mil )(y)]|| 
for any x £ "ft ' <g> W' and yeW. ' ® W\ and 



(4.37) 


botti ( 


>®id Mp : 


w p)\m*i(G(V)i, ) = 


-^pl(i P ).i(G(7')i,o)! 


(4.38) 


botti ( 


>® id Mq . 


■Wq)l(i,).i(G(7»)l,o) = 


ql(i 9 ).l(G(P)i,o) 


(4.39) 


botto ( 


>®id Mp ; 


Wp)|( t p)*o(GCP)o,o) = 


- a pl(»p)»o(GCP) ,o) 


(4.40) 


botto ( 


><8)idM q: 


>Wq)l (*,)*() (GCP)o,o) = 


«ql(» q )*o(G(^)o,o)- 


Put v p 


= w p u p and v q = 


w q w q . One then has that 






® id Q (:r 


) 


Did Q (x))i> p < c^/4, 


vx £ n ' ® ?f' 



||^ (8) idg(x) - ^ q *(0 <g> id Q )(x)w q || < ££/4, Vx £ U ' <g> <g> 7^'. 

Hence 

||[^ p ^,0(x) ® 1 Q ]|| < <^/2 < <5 2 , Vx £ H'. 
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Thus Bott(0 <8> id.Q,v p v*) is well denned on the subgroup generated by V . Moreover, 
bottiO<g>id Q ,v p f*) o {% 

oo) *1 \%) 

= botti(0 <8> id Q , w p ) o (i^^z) + bott(0 <S> id Q , u p u*)) o (zoo)*i(^) 

+bott X (0 <8> idQ, UpM*), U>*) O (Zoo)*i(z) 

= botti(0(g)idMp,w p ) o 0p)*iO) + bott(0 <g> id Q ,M p M*) o (zoo)*i(^) 
+botti(0®id Mq ,w*) o q )*iO) 

= -Op ° + (0 P ° + V -V 

= for all z G G(P) 1>0 . 

The same argument shows that botto(0® idg, v p v*) = on G(7 3 )o,o- Now, for any (7 G GCP)i,oo,o, 
there is z G Gr(P)i,o and integer fc, m such that (k/m)z = g. From the above, 

(4.41) botti(4>®id Q ,v p v*)(mg) = fcbotti(0 <8 id Q , = 0. 
Since Kq(B (8> Q) is torsion free, it follows that 

botti(0 (8) id Q ,f p f*)(5() = 
for all 3 GG(?) i,oo,o- So it vanishes on V H i^x(^4 (8 Q). Similarly, 

bott o (0 <8 idQ,fpU*)|pnfir (A®Q) = 0. 
Since Ki(B ® Q, Z/mZ) = {0} for all m > 2, we conclude that 

Bott(0® idg,^*)^ = 0. 
Since [0] = [ip] in KL(A, B), 0j = and 0* = one has that 

(4.42) [0 ® id g ] = ® id Q ] in KL(A ®Q,B®Q), 

(4.43) (0 ® id Q ) fl = ® id Q ) tt and (0 (8 id Q )* = (^ (8 idg) 1 , 

Therefore, for any finite subset C <Z A® Q, there exists a unitary u e B ® Q such that 

(4.44) ® id Q )(c)u - (8) idg)(c)|| < Vc G £. 
Without loss of generality, one may assume that 8 U %' C £. One then has that 

||^p*(0(c) ® 1q)v„u* - V(c) ® 1q|| < 5^/2 + 5 2 /8 Vc G 0'. 

By the choice of 5' 2 and H! ', Bott(0 <S> idQ, v p u*) is well defined on Q, and 

|r(botti(0®idQ,v p «*)(2))| < 5 2 /2, Vr G T(5),Vz G £n^i(A®Q). 

By Theorem 6.3 of |T5j, there exists a unitary y p G B (8> Q such that 

\\[y p ,(<P®id Q )(c)]\\<5/2, Ween, 

and Bott(0 ® idQ,y p ) = Bott(0 (8) idQ,t> p u*) on the subgroup generated by V. Consider the 
unitary v = y p u, one has that 

\\[v, (0(8) id Q )(c)]|| < 5, for all c G "H and Bott(0 <8> id Q , vv *) = 
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on the subgroup generated by V. By Theorem 8.4 of [13], there is a path of unitaries z p (t) : 
[0,ti] -»■ U(A <8> Q) such that z p (0) = 1, z p (ti) = vv*, and 



(4.45) ||[ 2p (t),0®id Q (c)]|| <e/8, Vie [0,^], Vc G £. 
Note that 

(4.46) Bott(0® id Q ,v q v*) = Bott((f) ® id Q ,v q v*v p v*) 

(4.47) = Bott(0 <8> id Q , + Bott(0 <8> id Q , w p t;*) 

(4.48) = + = 



on the subgroup generated by V. Since 

||H*,(0(8)id Q )(c)]|| <<f, VcGE 

By Lemma 8.4 of [T4j, there is a path of unitaries z q (t) : [t m _i, 1] — > XJ(A <8> Q) such that 
Zq{tm-i) = vv*, z q (l) = 1 and 

(4.49) \\[z q (t),<f>®id Q {c)]\\<e/8, Vt G [t m -i, 1], Vc G E. 

Consider the unitary 

( z p {t)v p , if < t < ti; 
v(t) = < v, if ti < t < t m - x \ 

\ z q (t)v q , if t 
Then, for any £«, < i < m, one has that 



(4.50) |K(*O(0® i dq)(cM*<)-(V'®ido)(c)||<e/2, Vc G £. 
Then for any t G [tj, tj+i] with 1 < j < m — 2, one has 

(4.51) \\v*(t)(<f> (8) id(a <g> b(t)))v(t) - ^ ® id(a <8 6(0)11 

(4.52) = ||v*(«^(a) <g» 6(t))w — <8> 6(*)ll 

(4.53) < ||u*(^(a)(8)6(t i ))u-V'(a)®6(*j)ll+e/4 

(4.54) < e/4 + e/4 < e/2. 

For any t G [0, ti], one has that for any a E J~i and 6 G J~2, 

(4.55) ||«*(*)(0 ® id ( a ® &(0)M0 - V> ® id (« ® 6(0)11 

(4.56) = ||^^(t)(0(a) <g) b(t))z p (t)v p - #z) g) 6(011 

(4.57) < |K; p %*(t)(0(a) <g> &(*„))*, (*)«,, - ^(«) ® &(*o)|| + e/2 

(4.58) < ||^*(0(a) ® 6(* )H - V(«) ® &(*o)|| + 3e/4 

(4.59) < 3e/4 + e/4 = e. 

Same argument shows that for any t G [t m -i, 1], one has that for any a G T\ and 6 G J^, 

(4.60) ||v*(O(0<8>id(a<8)6(O)MO - V> ® id(a (8 6(0) || < e. 



Therefore, one has that 

||t> (0 (8) id(f))v id(/) || < e for all / G 7. 
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□ 

Remark 4.7. In fact, using the same argument as the lemma above, one has the following: Let 
A and B be two unital stably finite C*-algebras. Assume they satisfy the following: Let U be 
any UHF-algebra of infinite type. 

(1) The approximately unitarily equivalence classes of the monomorphisms from A (g U to 
B <g U is classified by the induced elements in KL(A ® U, B ® U), the induced maps 
on traces, together with the induced maps from U^A (g) U) / CUoo(A (g U) to U^B (g 
Uj/CUniBQU); 

(2) B ® U has property (B2) with respect to any embedding of A (g U; 

(3) B ®U satisfies the homotopy lemma as 8.4 of [H] for any embedding of A (g U to B <g U. 

Then, for any monomorphisms (j),ip : A — >• B, one has that (g id and ^ <E> id from A {g Z pA to 
I? Cg> 2 p q are approximately unitarily equivalent if and only if 

(4.61) [0] = [i>] in KL(A, B), and0 tt = ^ and 0* = ipK 

Theorem 4.8. Let A G J\fC)C and B G C be two unital separable Z-stable C*-algebras. If <ft and 
ip are two homomorphisms from A to B with 

(4.62) [0] = [ifj\ in KL(A,B), tt = ^ t and 0* = if>*. 

Then, for any e > and any finite subset T C A, there exists a unitary u G B such that 

(4.63) \\v*(f){a)v -xp(a)\\ < e for all a G 7. 

Proof. Let a : A — > A £g> Z and (3 : Z — > Z (g) ^ be isomorphisms. Consider the map 

r A : A ^ A® Z ^ A® Z®Z > A ® z . 

Then, T is an isomorphism. However, since /3 is approximately unitarily equivalent to the map 

Z 3 a^- a®l E Z ® Z, 

the map Ta is approximately unitarily equivalent to the map 

A3 a®l e A® Z. 

Hence the map V b o o Ta is approximately unitarily equivalent to ® id^. The same argument 
shows that o ^ o is approximately unitarily equivalent to ip (g id^. Thus, in order to prove 
the theorem, it is enough to show that (g> id^ is approximately unitarily equivalent to ip (g id^. 

Since Z is an inductive limit of C*-algebras Z Ptq , it is enough to show that (g id^- is 
approximately unitarily equivalent to ip ® id.z p , and this follows from Lemma 14.61 □ 

5. The range of approximate equivalence classes of homomorphisms 

Now let A and B be two unital C*-algebras in J\f H C. Theorem 14.81 states that two uni- 
tal monomorphisms are approximately unitarily equivalent if they induce the same element in 
KLT e (A, B) ++ and the same map on U(A)/CU(A). This section will discuss the following prob- 
lem: Suppose that k G KLT e (A, B) ++ and a continuous homomorphism 7 : U(A)/CU(A) — > 
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U(B)/CU(B) which is compatible with k are given. Is there always a unital monomorphism 
: A — > B such that induces k and <p = 7? At least in the case that Ki(A) is free, Theorem 
15.91 states that such always exists. 

Lemma 5.1. Let A and B be two unital infinite dimensional separable stably finite C*-algebras 
whose tracial state spaces are non-empty. Let 7 : U 00(A) /CU 00(A) — )■ U 00(B) /CU 00(B) be a con- 
tinuous homomorphism, hi : Ki(A) — > Ki(B) (i = 0, 1) be homomorphisms for which h Q is posi- 
tive, and A : A&(T(A)) — > Aff(T(5)) be an affine map so that (h , hi, X, 7) are compatible. Let 
p be a supernatural number. Then 7 induces a unique homomorphism 7 p : U oo(A p ) / CU oo(A p ) — > 
Uoo(Bp)/CUoo(Bp), which is compatible with (h p )i (i = 0, 1) and 7 p; and moreover, the diagram 

Uoo(A)/CUoo(A) 4 Uoo(B)/CUoo(B) 

Uoo(A,)/CU(A p ) 4 Uoo(B p )/CUoo(B p ), 

commutes, where (h p )i : Ki(A) <g> Q p — > Ki(B) (g) Q p is induced by hi (i = 0,1) and where 
A p = A £g> M p , i p : A — y A p and iL : B — >• B p is the map induced by a y a £g> 1 and b 1— > b ® 1, 
respectively. 

Proof. Denote by A = A, A p = A ® M p and B = B and B p = B <S> M p . By a result of K. 
Thomsen ([21]), using the de la Harpe and Skandalis determinant, one has the following short 
exact sequences: 

Aff(T(A))/p A (# (A)) -> Uoo(Ai) / CUoo(Ai) -> K^Ai) -> 0, i = 0,p, 

and 

-> AS(T(B t ))/p~^K^)) ^ U 00 (B t )/CUoo(B l ) -> A^) -> 0, i = 0,p, 

Note that, in all these cases, Aff(T(A i ))/p A (A" (A i )) and AS(T(BA) / p A (K (Bi)) are divisible 
groups, z = and i = p. Therefore the exact sequences above splits. Fix splitting maps s, : 
Kt(Ai) -> Uoo(A)/CUoo(Ai) and : A^) -> U 00 (B, i ) /CU^B,), % = 0,p for the above two 
splitting short exact sequences. Let i p : A — > A p be the homomorphism defined by i p (a) — a <S> 1 
for all a G A and z p : i? — > B p be the homomorphism defined by z p (6) = 6 <S> 1 for all b G B. Let 
: Uoo(A)/CUoo(A) ^(ApJ/CC/ooCA) and (z p )* : U^B) j CU^B) f/ 0O (S p )/C[/ 0O ( J B p ) be 
the induced maps. The map z p induces the following commutative diagram: 

0^ Aff(T(A))/p A (A (A)) ^(AJ/CC/ooCA) ->■ A'i(A) ^0 

0^ Aff(T(A p ))/ Pj4 (A (A p )) U^A^/CU^iAp) ^K X (A P ) 0. 

Since there is only one tracial state on M p , one may identify T(A) with T(v4 p ) and T(B) 
with T(B P ). One may also identify pa p (K (A p )) with IRp J 4(A (A)) which is the closure of those 
elements r[p] with r G R. Note that (A p ); : AT; (A g) M p ) ->■ Aj(£? <g> M p ) (i = 0,1) is given 
by the Kiinneth formula. Since 7 is compatible with A, 7 maps Rpa(K (A)) / p A (K (A)) into 
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Rp B {K {B))/p B (K {B)). Note that 

(5.1) ker(« p )*i = {16 K%(A) : px = for some factor p of p} and 

(5.2) ker(z p )*i = {i£ Ki(B) : px = for some factor p of p}. 
Therefore 

(5.3) ker(«J) = {x + s (y) : z G Rp^(iT (A))/p A (K (A)), y G ker( W*i)} and 



(5.4) kei^Y = {x + s' (y) : x G Mp A (Ar (£))/Mtfo(5)), j/ G ker^)^)}. 

If 2/ G ker((ip)*i), then, for some factor p of p, py = 0. It follows that pj(so(y)) = 0. Therefore 
l( s o{y)) must be in ker^zj,)*). It follows that 

(5.5) 7(M»{)) C ker(( ? ;)i). 

This implies that 7 induces a unique homomorphism 7p such that the following diagram com- 
mutes: 

U^Aj/CU^A) 4 U^/CU^B) 

U^A^/CU^A,) 4 U^B^/CU^B,). 
The lemma follows. □ 

Lemma 5.2. Lei A and B be two unital infinite dimensional separable stably finite C*-algebras 
whose tracial state spaces are non-empty. Let'-/ : U 00 (A)/CU 00 (A) —> U 00 (B)/CU 00 (B) be a con- 
tinuous homomorphism, hi : Ki(A) — > K^B) (i = 0,1) be homomorphisms and A : Aff(T(A)) — > 
Aff (T(fi)) be an affine homomorphism which are compatible. Let p and q be two relatively prime 
supernatural numbers such that M p (g) M q = Q. Denote by 00 the supernatural number associated 
with the product p and q. Let E B '■ B —> B eg) Z p q be defined by E B (b) = 6® 1 for all b G B. Then 

(5.6) (7r t o£ B )*o 7 = 7oo o4 for all te (0,1), 

(5.7) (7r o o 7 = 7 p ozJ and 

(5.8) (tti o E B f 07 = 7q o ij 

in t/ie notation of \5.1[ where ir t : Z PA —> Q is the point- evaluation at t. 

Proof. Fix z G f/ 00 (5)/CL r 00 (S). Let « G U n (B) for some integer n > 1 such that u = z in 
U^ByCU^B). Then 



(5.9) u ® 1. 

In other words, ^(z) is represented by w(t) G M n (B £g) -Zp,q) for which 

(5.10) 10(f) = u ® 1 for all t G [0, 1]. 
Therefore, for any t G (0, 1), ir t o may be written as 

(5.11) tt 4 o E%{z) = ^WT in U^B <g> Q)/CC/ 00 (B <g> Q). 
This implies that 

(5.12) vr f o S*^) = M^z) for all z G U^B) / CU^B) , 



HOMOMORPHISMS INTO A SIMPLE ^-STABLE C*-ALGEBRAS 27 

where : B — > B £g> Q is defined by too(b) = b (g) 1 for all b £ 5. It follows from 15. ll that 

(5.13) o £ fl )t o 7 = 7oo o4 for all t £ (0, 1) 

The identity ( 15 .TP and ( 15.81) for end points follows exactly the same way. □ 
The following is standard (see the proof of 9.6 of [15]). 

Lemma 5.3. Lei C and A be two unital separable stably finite C*-algebras, and let 4>i,4>2,<p3 '■ 
C —7- A be three unital homomorphisms. Suppose that 

(5.14) [<£i] = [&] = [&] *n KL(C,A), 
(5-15) (0x) B = (&)„ = 
Then 

(5.16) ^01,03 = -^01,^2 + -^02,03- 

Lemma 5.4. Lei A be a unital AH-algebra with property (J) or let A be a unital C*-algebra in 
M with TR(A) < 1 and let B be a unital separable simple amenable C*-algebra with TR(B) < 1. 
Suppose that 0i,0 2 '■ A — > B are two monomorphisms such that 

(5.17) = [0 2 ] zn KK(A,B), (^) B = (0 2 ) B and 0* = 0*. 

Then there exists a monomorphism (3 : 2 (A) — ► L? swc/i i/iai [/3 o 2 ] = [0 2 ] KK(A, B), 
(P ° 02)tt = 02^, (/? ° 4>2bY = 4>\ an d fi°4>2 is asymptotically unitarily equivalent to <f>i. Moreover, 
if Hi(K (A) , Ki(B)) = Ki(B), they are strongly asymptotically unitarily equivalent. 

Proof. By Theorem 9.4 of [15], there is a monomorphism (3 £ Inn(0 2 (A), B) such that [f3] = [i] 
in KK(4> 2 (A),B) and 

where i is the embedding of 2 (^4) to B and i?^ is viewed as a homomorphism from Ki(A) = 
KtifciA)) to Aff(T(£?)). In other words 

(5-18) R<f>2,po(t> 2 = —Rfafa. 

One also has that 

(5.19) [0 2 ] = [/3°0 2 ] in KK(A,B), 

(5.20) (f3 o 2 ) s = (0 2 ) s and (/3 o 2 )* = <j>\. 

Thus 

(5.21) = [Pofc] in KK{A,B), 

(5.22) (0O 8 = (/3 o 2 ) s and <f>\ = (f3 o 2 )*. 
It follows from [El and ( ETTgj) that 

Therefore, it follows from 7.2 of [J5] that the map 0i and /3 o 2 are asymptotically unitarily 
equivalent. 
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In the case that H 1 (K (A), Kx{B)) = K^B), it follows from 10.5 of [15] that (3 o 2 and fa 
are strongly asymptotically unitarily equivalent. □ 

Lemma 5.5. Let C and A be two unital separable stably finite C*-algebras. Suppose that 4>,ip : 
C — > A are two unital monomorphisms such that 

(5.23) [0] = [tf;] in KL(C,A), ^ = *p t and R M = 0. 

Suppose that {U(t) : t G [0, 1)} is a piecewise smooth and continuous path of unitaries in A with 
U(0) = 1 such that 

(5.24) \imU*(tU(u)U(t) = Mu) 

for some u G U(C). Suppose there exists w G U(A) such that ip(u)w* G Uq(A). Let 

Z = Z(t) = U*(t)(j)(u)U(t)w* if t G [0, 1) 

and Z(l) = ip(u)w*. Suppose also that there is a piecewise smooth continuous path of unitaries 
{z(s) : s G [0, 1]} in A such that z(0) = <j)(u)w* and z(l) = 1. Then, for any piecewise smooth 
continuous path {Z(t,s) : s G [0, 1]|} C C([0, 1],A) of unitaries such that Z(t,0) = Z(t) and 
Z(t,l) = 1, there is f G pa{Kq(A)) such that 

(5.25) -±= I' r(^^Z(t, sy)ds = —L= f 1 r(^z( S y)ds + f(r) 



J ds 27r v / ^T J ds 

for allt G [0, 1] and r G T(A). 

Proof. Define 

{U*{t - 2s)<p(u)U(t - 2s)w* for s G [0, t/2) 

<p(u)w* for s G [t/2, 1/2) 

z{2s - 1) for s G [1/2, 1] 

for t G [0, 1) and define 

{ip{u)w* for s = 
U*(l - 2s)(f)(u)U(l - 2s)w* for s G (0, 1/2) 
z{2s-\) for s G [1/2,1]. 

Thus {Zi(t, s) : s G [0, 1]} C C([0, 1], A) is a piecewise smooth continuous path of unitaries such 
that Zi(t, 0) = Z(t) and 1) = 1. Thus, there is an element fi G pa{Kq(A)), such that 

(5.28) A(r) = —±= f r(^Mz(f, - -J= Z" 1 r(^M^(t, S )*cfe 



for all r G T(A) an for all t G [0, 1]. 

On the other hand, let V{t) = U (t)* <j>(u)U (t) for t G [0,1) and V{1) = ip(u). For any s G 
[0,1), since U(0) = 1, C/(t) G C/(C([0, s], A)) (for t G [0,s]). There there are a 1 ,a 2 ,...,a k G 
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U([0,s],A) SMi such that 

k 

U{t) = JJexp(za j (t)) for all t G [0, s] 

j=i 

Then a straightforward calculation shows that 



2ttV-1 

for all r G T(A). 
Then 

1 /- 1/2 ,dZi(l,s) 



5.29) 

We also have 
5.30) 



(it v y 



5.31) 



2nJ^l 



ds 



Zi(l,s)*)ds 



2txJ^\ 



, as 



5.32) = i?^([y])(r) = / (r) for all r G T(A). 

One computes that, for any r G T(A) and for any t G [0, 1), by applying f)5.3ip . 



5.33) 
5.34) 
5.35) 
5.36) 



1 f 1 dZi(t,s) 

t{ — — Z 1 (t,s) )ds 



2tt v / ^1 
1 



ds 



27r V / ^T7o 



1/2 .(d(U*(t-2s)(j)(u)U(t-2s)w* 



ds 



-(U*(t - 2s)(f)(u)U(t - 2s)w*)*)ds 



[ l / 2 dZAt^ f 1 
/ H — - Z 1 (t,s))ds+ t 

Jt/2 dS J 1/2 



1 dz(s-l) 



ds 



1 



t/2 



5.37) =0 



5.38) 



2ttv / =T7o 
1 



2-kxI-I 



dV(t - 2s) 
ds 

1 dz(2s-l) 



-z{2s - l)*)ds] 
^ ,dz(2s-l) 



V(t-2s)*ds + f r (^2f — 1 l z (2s-l)*)ds] 
Ji/2 ds 



1/2 



2ttJ^1 



1 dz(s) 



ds 



ds 



s)*)ds. 



z(2s - l)*)ds 



It then follows from (I5.3ip that 
1 f 1 ( dZ x {\s\ 



2-k^I 

1 



5.39) 
5.40) 



2ttV-1 
5.41) = / (r) + 

The lemma follows. 



r( 



ZAl.sfds 



ds 



2kx[-\ 



ds 

ds 



1/2 



ds 
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Remark 5.6. Note that the lemma [531 applies to M n (C) and M n (A) for all integer n > 1. So it 
works for u G U n (C). 

Lemma 5.7. Let A be a unital AH-algebra with property (J), or let A be a unital C*-algebra 
in J\f H C and let B be a unital simple C*-algebra in M fl C. Let k G KL e (A, B) ++ and A : 
Aff(T(A)) —> Aff(T(£>)) be an affine homomorphism which are compatible. Then there exists a 
unital homomorphism (p : A — > B such that 

[4>] = k and = A. 

Moreover, if '7 G U 00 (A)/CU 00 (A) — > Uoo(B) / CUoo(B) is a continuous homomorphism which is 
compatible with k and A, then one may also require that 

(5.42) t |t/ oo (A) o /CD' oo ( J 4) = lluooWo/CUooiA) and (0)* os 1 = jos 1 -h, 
where Si : Ki{A) — > U 00 (A)/CU Q0 (A) is a splitting map(see \2.3\) . and 

h : K X {A) -> Rp B (K (B))/p B (K (B)) 

is a homomorphism. 
Moreover, 

(5.43) ® id^,)* o aj = £ B o 7 o sj - ft, 
where E B is as defined in \5.%A 

Proof. Let us first prove the lemma for A G M fl C. Let p and q be two relative prime su- 
pernatural numbers such that Q = M p <S> M q . Let A p = A <g> M p and A q = A <g) M q . Let k p G 
KL(A p ,B p ), k, G /^(A P7J B P ), A p : Aff(T(A„)) Aff(T(B„)), A q : Aff(T(A,)) Aff(T(5 q )), 
7 P : U(A p )/CU(A p ) -> U(B p )/CU(B p ) and 7q : C/(A q )/CC/(A q ) -> U{B^/CU{B^) be induced 
by k, A and 7, respectively. It follows from 8.6 of [15] that there is a unital homomorphism 
p : A p -> 5 p such that 

(5.44) [0 P ] = k p in A"L(A p ,5p), = 7 P and (0 p ) tt = A p . 

For the same reason, there is also a unital homomorphism ip q : A q — > B q such that 

(5.45) [ip q ] = K q in KL(A q ,B q ), (^ q )* = 7 q and (ip q ) t = A q . 
Define <fi = <p p <8> idM q and ^ = <8> IcUf*- From above, one has that 

[<p] = [ip] in KL(A ®Q,B®Q),<p^ = ^ and <ft = ip t . 

Since both Ki(B (g) Q) are divisible (z = 0, 1), one actually has 

[</>] = [i/>] in KK(A®Q,B®Q). 

It follows from 15.41 that there is (3 G Inn(^(A ® Q),5 <E> <5) such that if z^a^q) denotes the 
embedding of tp(A ® Q) into B ® Q, 

(5.46) [/3 ] = [ty(A®Q)] m ##(^(4 ®Q),B®Q), 
(5-47) (/3 )s = (V(A®Q))s and (/3 )* = (ty(x®<j))* 
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such that and (3q o ip are strongly asymptotically unitarily equivalent (since in this case 
H 1 (K (A®Q),K 1 (B®Q)) = K X {B®Q)). Note that one may identify T(B q ), T(B P ) and T(B®Q). 
Moreover, 

Pb ®q{K q {B®Q)) = Rp B {K {B)) = p Bq (K (B q )). 
Denote by i p : B q — > B <g> Q the embedding a H- a <8> 1m p , and note that the image of i p o ip q is in 
the image of ip. Thus, by ESI -R/3 oWq,Wq is in ^ Mi K i{Mp Q0 % f ^,i f c^ q ),PB^{K Q {B^)). Note 
that 

[A) ° h ° V'q] = bp ° V'q] in^A^B,). 
By Theorem 9.4 of [15], there exists a £ lrm(ip q (A q ), B q ) such that 

W = [Vq(A,)] mKK(B q ,B q ), 
where *,/, q (A q ) is the embedding of ip q (A q ) into B q , and 

As computed in the proof of 15.41 one has that 

(5.48) [z p o a o V ? ] = [A) ojpo ^ q ] in KK(A q , B®Q), 

(5.49) (i p o a o ^i 9 ),| = (/3 o % p o and (z„ o a o ^> ff )t = (f3 o% p o ip q )$, 
and 

It follows from 7.2 and 10.5 of [15] that i p o a o ip q and (3q o i p o ^ 9 are strongly asymptotically 
unitarily equivalent. 
Consider maps 

(/3b ojpo ^) ® id Mp , i o (Sq o ^ : A <g> M q ® M p ->■ (5 ® M q ® M p ) ® M p , 

where z : 5 <g> Q ->■ (B <g> Q) <g> M p is the embedding b ->■ 6 <g) lj^ for all b £ B <g) Q. 

Identify f3 oip(B®M q ®M P ) ®M P with /3 o^(S) <g>/3 o^(M q ) <g>/3 o^(M p ) <g>M p , and consider 
the automorphism on /3 ° ip(B) ® /?o ° ^(M)) ® A) ° ip(M p ) Cg> M p defined by 

Then 

[#k(M,)®/3 (M p )^M p ] = [id MMq )®MM p )®M P } in ^(A) (M 9 )®/3 (Mp) (8) Mp, A, (M,)<g>A, (M p ) ® M p ) . 

Since #i(A)(M?)<S>A)(Mp) ® M p ) = {0}, it follows from 10.5 of rj5] that 0\ MMq)m){Mp)(S)Mp is 
strongly asymptotically unitarily equivalent to the identity map. Therefore 9 is strongly asymp- 
totically unitarily equivalent to the identity map. Note that for any a £ A, b £ M q , and c £ M p , 
one has 

(5.50) #(((A)°*p°<A,)®idAf p )(a®&®c)) = 6(/3 (ip q (a ® 6) (8) l Mp ) ® c) 

(5.51) = A)(<Ma®6)®c)®l M p 

(5.52) = z o j3 o ^)(o ® 6 <g> c). 
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Thus, the map (/3 ° ° ?/>q) ® idjv/ p is strongly asymptotically unitarily equivalent to z o f3 Q o ij;. 
Define a map ^ q : A <g> M q <g> M p -> 5 <g> M q <g M p <g M p by 

(5.53) *,:a®5®c^ a(> q (a <g &)) <g c <g 1 M „. 
Note that for all a <g> 6 <g c G A <g M q <g M p , 

(5.54) ((z p o a o <g> id Mp )(a (g> 6 g) c) = a(^ q (a <8> &)) <8> 1m„ <8> c 

Then the same argument as above shows that ty q is strongly asymptotically unitarily equivalent 

to (z p o a o ^ 9 ) (g id A / p . 

Since and /3o°ip are strongly asymptotically unitarily equivalent, one has that the map loifi is 
strongly asymptotically unitarily equivalent to i o /3 o ip, and hence strongly asymptotically uni- 
tarily equivalent to (AjOZpO^) {gidj^,, and therefore strongly asymptotically unitarily equivalent 
to (z p o a o ^ 9 ) (gidjUp- It follows that the map % o <p is strongly asymptotically unitarily equivalent 
to \l/ q . Thus there is a continuous path of unitaries {w(t) : t G [0,1)} in 5® M q £g> M p (g M p 
with w(0) = 1 such that 

limw*(t)(z o Ma))w(t) = * fl (a), Va G A <g Q. 
t->i 

Pick an isomorphism x' : M p £g> M p — >■ M p , and consider the induced isomorphism x '■ B (g M q (g 
Mp (g)M p — >■ 5(g>M q (g)M p . Note that (x') _1 i s strongly asymptotically unitarily equivalent to the 
map z' : M p — > M p £g> M p defined by ohI (g a. Then, it is straightforward to verify that x ° 1 ° is 
strongly asymptotically unitarily equivalent to 0, and x ° is strongly asymptotically unitarily 
equivalent to (a o ip q ) (g idM p - Thus, there is a continuous path of unitaries u(t) in £> (g M p (g M q 
(one can be made it into piecewise smooth — see Lemma 4.1 of [15]) such that u(0) = 1 and 

(5.55) limadu(t) o 0(a) = (a o ^ q ) (gidjv/ p (a-) for all a G A (g Q. 

This provides a unital homomorphism $ : A (g 2 Piq — >■ B (g 2 p>q such that, for each t G (0, 1), 

(5.56) ix t o $(a) = adu(t) o 0(a(t)) for all ae A® Z PA . 

Denote by d a unital embedding Z — > Z v ^, and let j : Zp„ -yZbea unital homomorphism 
induced by the stationary inductive limit 

■7 A 7 A 7 A , -7 

given by [22] . 

As in the proof of 7.1 of [25] (note that it follows from the same proof that Proposition 4.6 of 
[25] also works for homomorphisms which are not necessary being injective), 



(5.57) ((id B <g> j) o $ o (id A <g> tf))» = «i, z = 0, 1, 

(5.58) ((idfl (g j) o $ o (id A ® = A. 

In fact, one has that 

(5.59) <E>jj(a (g 6)(r (g /i) = 7(a(r))/i(o) for all a G A s . a . and 6 G (Z PiC| ) 
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By considering ((id B (g) j) o $ o (id^ <8> i)) ®idc(x k ) : A®C(X k ) — > B ®C(X k ) for some suitable 
compact metric spaces X k , the same argument shows that, in fact, 

(5.60) [(id B <g> j) o $ o (id A <g> 0)] = k. 

Define the map if = (id# <g> j) o $ o (id^ <g> Then [if] = k in KL(A, B) and = A. 
Note that it follows from (I5.59P that 

( 5 - 61 ) $*|[/(A) /CC/(A) = ° l\u{A) Q /CU{A)- 

Let ^ £ U(A)/CU(A). Then, one has 

(5.62) ^* = 7oo = l t o o 7 . 

On the other hand, for each z £ U(A)/CU(A), there is a unitary w E B ® Z PA such that 



(5.63) 7r t (w) = 7r t >H for all t,i' £ [0, 1] and £*j o 7 (z 



1U. 



Since n t {w) £ 5 is constant, one may use w for its evaluation at t. Let i> £ ^(^) be such that 
v^ — z. For any i £ (0, 1), define 

(5.64) Z(t) = 7T t O $(W )W* = w(t)*0(v o )w(t)«A 

Let s) be a piecewise smooth continuous path of unitaries in B®Z PA such that Z(t, 0) = Z(£) 
and Z(t, 1) = 1. Denote by tq the unique tracial state in T(M r ), where r is a supernatural number. 
For each s M £ T(Z Ptq ), one may write 

s M (a) = / r (a(t))d//(t), 



where /x is a probability Borel measure on [0,1]. 

Then, for r £ T(£>) and s M £ T(Z Piq ), by applying I5.5[ 

(5.65) Det(Z)(r<g>^) = —^f( T ®sJ0^Z(t,s)*)ds 



2n\^l J ds 
(5.66) = 1 -= f 1 [\t ® r )( dZ ^ g) Z(t, s)*)dpi(t)ds 



liwf^X Jo Jo ds 

(5.67) = j\^^j\r®ro)(^^Z(t,sy))ds)d^t) 

(5.68) = / Det(0(v o )w*)(r)d^(t) + /(r) for some / £ p B {K Q {B)). 

Jo 

ByEJand flOHjl , 

(5.69) Det(Z)(r ® s M ) = Det(0(v o K)(r) + /(r) £ Mp B (Ar (£)) C Aff (T(5 ® 



Thus, &(z)(E B o\(z)*) defines a homomorphism from U{A)/CU{A) into Rp B (K Q (B))/p B (K (B)) 
which will be denoted by h. By (15.601) . 

(5.70) h\u{A) /cu{A) = 0. 



Thus h induces a homomorphism h : Ki(A) — > Mp B (Ko(B))/ p B (K (B)). 
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If A is an AH-algebra with property (J), for any two relatively prime supernatural number p 
and q with M p ®M q = Q, by 8.6 of jTS], there are homomorphisms p : A — > B p and ^ q : A — > B q 
such that 

(5.71) [0 P ] = K p in KL(A,B p ), (0 p ) f = 7 P and (0 p )(j = A p , 
and 

(5.72) = «, in KL(A, fl q ), {^f = 7q and (V> q ) tt = A q , 

where we consider U 00 (A)/CU 00 (A) and U^^/CU^B) instead diU(A)/CU(A) and U(B)/CU(B), 
respectively. 

Using the same argument as above, one has a G Aut(5 q ) such that 

(5.73) [a] = id Bq in KK(B q , £? q ), a tt = (id Bq ) tt , a 1 = id^ q 

and </> p is strongly asymptotically unitarily equivalent to ip q , and thus induces a homomorphism 
$ : A — > B ® ^p. q , and then, the same argument as above shows that the map H — (id<g) j) o $ : 
A— 7-i? = i?®2is the desired homomorphism. □ 

In [15], it was shown that, given two unital separable simple C*-algebras A and B in M fl C, 
if there is an isomorphism on the Elliott invariant, i.e., 

(if (i),if (i) +) [U]^i(i),T(A),r4) = (^(5), ^(5)+, [l B ],T(B),r fl ), 
then A = B. The following corollary is a more general statement. 

Corollary 5.8. Let A and B be two unital separable C*-algebras in J\ff]C. Suppose that there is 
a homomorphism Hi : Ki(A) — > Ki(B) such that k is order preserving and Kq([1a\) < [Is] and 
there is a continuous affine map A : Aff(T(A)) — > Aff(T(5)) which is compatible with k . Then 
there is a homomorphism <fi : A — > B such that 

(4>)*i — K i, i = 0, 1 and 0jj = A. 

Proof. Consider the splitting short exact sequence: 

->■ Ext z (K*(A), K*{B)) — >■ KK(A, B) Rom(K*(A), K.(B)) — >■ 0. 

There exists an element k G KK(A,B) such that the image of k in Hom(K*(A),K*(B)) is 
exactly the same as that k*. Let k in KL(A, B) be the image of k. There is a projection p G 5 
such that [p] = KoQl^])- Let B\ = pBp. Then k G iCL e (y4, -Bi) ++ and A and R are compatible. 
It follows from 15.71 that there is a unital homomorphism <p : A Bi G B such that 

[0] = k and </>u = A. 

□ 

Theorem 5.9. Lei C be a unital AH-algebra with property (J), or let C be a unital C*-algebra 
in M nC and let A be a unital simple C*-algebra in M fl C which is Z-stable. Then, for any 
k G KLT e (C, A) ++ and a continuous homomorphism 7 : U oo(C) j 'CU 00(C) — > Uoo(A) /CUoo(A) 
which are compatible, there is a unital monomorphism : C — > A such that 

([0],0jj) = k and $ = 7, 
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provided that 

(1) K\{C) is a free group, or 

(2) Rp A (K (A)) / p~ A (K (A)) = {0}, or 

(3) M.pa{Kq(A))/ pa{Kq(A)) is torsion free and K\(C) is finitely generated. 

Proof. We will consider the case that C G MP\C. The case that C is an AH-algebra with property 
(J) is similar. 

It follows from 15.71 that there is a unital monomorphism ip : C — > A such that 

(5.74) 00, ^ft) = k, ij) % \u(p) a fcu(fj) = Mu(C) /cu(C) and (ip <g> id^J* o si = E X B o 7 o 8l - 

where ft, : i^i(C) — >■ Mp J 4(-^o(^4))/Pyi(-^'o(^4)) is a homomorphism. If Ki((T) is free, there exists a 
homomorphism hi : K\(C) — >■ Mp^ifoC^)) which induces fti. In the case that Mp^i^o (A)) /p^i^o^)) 
is torsion free and Ki(C) is finitely generated, then one also obtains a such h\. Since Mpa(-^o(^4)) 
is torsion free, h\ induces a homomorphism h\ : K\{C) / (Tor(iT 1 (C))) — >■ IRp^Ko^))- Since the 
map from Ki(C , )/(Tor(i^i(C))) — >■ (i^i(A)/(Tor(Ki(v4))) <g> Q p is injective, one obtains a homo- 
morphism /ii iP : Ki(C ® M p ) -> Mp^^oPO) sucn that 

(5.75) /ii = /ii, p o (z p ), 1; 

where i t : A — > A <g) M t is the embedding so that z r (a) = a (g) 1 for all a G A (r is a supernatural 
number). Similarly, there is a homomorphism : Ki(C <g) M„) — >■ Rp^(ifo(-<4)) such that 

(5.76) h x = h lA o 

Put C' x = {ip ® idM t )(C ® M t )), where r is a supernatural number. It follows from 9.4 of [15] 
that there is a monomorphism ft G Inn(Cp, A v ) such that 

(5.77) [ft] = [i C ' p ] in KK(C' p ,A p ), (/3 )$ = i C ' H , fit = ic' 9 X and R^id Mp ,p o{^®iAu p ) = h i,P> 

where %c> is the embedding of C' p . 

Similarly, there is a monomorphism ft G Inn(C', A q ) such that 

(5.78) [ft] = [i C ' q ] in KK(C' V A q ), (ft) s = 1^, ft* = z Cq * and i^®id Mq ,fto(^®id M ,) = ^i, q> 

where ic> is the embedding of C'. 

As in the proof of 15. 7[ by applying 15.41 and its proof, one has a monomorphism ft G Inn(ft o 
(ip <8> idM q )(Cq), ^4q) and a piecewise smooth continuous path of unitaries {U(t) : t G [0, 1)} of 
A® Q such that 17(0) = 1 and 



(5.79) [ft°ft°(^®id A /J)] = [ft°(^®id A / p )] in^K(C q ,A q ), 

(5.80) (ft o ft o (g) id M J)) tt = (ft o (^ ® id Mp )) s 
and 

(5.81) (ft o ft o (V» <g) id M J))i = (ft o (0 <g> id Mp ))t. 
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Moreover, if denote by ipo — ft ° ijp ® idju„) an d ^1 - ft ° ft ° ® idM q )), one has that 

(5.82) limC/(t)*(^ <8> id Mq )(a)f/(t) = ® id Mp )(a) 
for all a G A <g> Q. In particular, 

(5.83) ^o^idMq^i^idMp = 0- 

Let $ : A <g> Z Pjq -)• A ® Z p>q be defined by 

(5.84) $(a®6)(t) = [/"'(^((^o^idM^a®^))^^) f o r a11 ^ [0,1) and 

(5.85) $(a®6)(l) = ®id Mp (a® &(!))■ 

for all a !g) b G A Cg> Z Piq . 
We claim that 

(5.86) $* o (E A o o si = (-E7 A )* 

To compute let a; G si(iTi(C)) and w G U{C) such that ^ = x. There is w G C/(A ® 
Z PA )/CU(A ® Zp A ) such that w(t) = w{t') for all t,t' G [0, 1] and 

(5.87) E x A o 1 o Sl {x) = w. 

Let Z = ($0 (il)®ia\ Zp q )(v ))w* G A<g>Z Piq . Note that Z G t/(A <g> Z PA ) . Suppose that there is a 
piecewise smooth continuous path {Z(t, s) : s G [0, 1]} C A ® Z p q such that Z(t, 0) = Z(t) and 
Z(t, 1) = 1. Then 

(5.88) Det(Z(t,s)) 

(5.89) = Det($ o (ty ® id^ J(«)(V> ® id^,,(v )*) + Det((^ ® id^,)(v )«;*) 

(5.90) = Det($ o ((^ ® id 2p J(^ ))(^ ® id 2p , q (t'o)*) + & ° Sl (x). 
It follows from 15.51 that 

(5.91) Det($o((^®id^ i ,)(T;o))(V®idz p , (I (vo)*) = Det(ft o ^ )V^o)*) + Pa(K (A)) 

(5.92) = i^v^CM) + Pa(K (A)) 

(5.93) = -/ il , p o Sl (x)+p A (A' (A)). 
Therefore, by floTTSD and by (Qg]| . 

Det(Z(t, s))(t ® s M ) G p A (A (^))- 

This proves the claim. 

Regard ip as a map to A <g> 2. Denote by j : 2 Piq — > Z the unital homomorphism induced 
by the stationary inductive limit decomposition of 2, and denote by •& : Z — > Z PA the unital 
embedding induced by tensoring Z (Z p>cj is ^-stable). Consider 

= (icU ® j) o $ o (idA ® i?) o ■0. 

One then checks that 

[^] = [0] in KL(C,A), tt = ^ and 0* = 7. 
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□ 

Corollary 5.10. Let C be a unital AH-algebra and let A be a unital simple C*-algebra inAfnCo 
which is Z-stable. Then, for any k G KLT e (C,A) ++ and any continuous homomorphism 7 : 
Uqo{C) I 'CXJ "00(C) — > Uoo(A) /CUoo(A) which are compatible, there exists a unital monomorphism 
4> : C — >• A such that 

(M0tf) = « and (f) 1 = 7, 

provided that 

(1) Ki(C) is a free group, or 

(2) Rp A (K (A)) / p^(K (A)) = {0}, or 

(3) ~Rpa{Ko(A)) / pa{Kq(A)) is torsion free and K\(C) is finitely generated. 
Remark 5.11. It follows from Proposition 3.6 of [16] that, if TR(A) < 1, then 

Rp A (K (A))/p A (K (A)) = {0}. 

So Theorem 15.91 recovers a version of Theorem 8.6 of [T5] . 
Now suppose that in 15. 9[ 

U^/CU^C) = f/oo(C) / 'CU^C) © Gt © Tor^^C)), 

where G\ is identified with a free subgroup of Ki(C). From the proof of Theorem 15.91 we see 
that, if k e KLT e (C,A) ++ and 7 : U^C) / CU^C) ->■ t/(A)/C , f/ 00 (A) which is compatible to k 
are given, there is a unital monomorphism : C — > A such that ([0], = k and 

and 

^(z)j(z) G Mp A (K (A))/ Pj4 (K (A)) 

for all z G Tor^^C)). 
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